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ABSTRACT 

A s e t  of high speed r o t a t i n g  w h i r l  experiments  were 
performed i n  t h e  vacuum of t h e  M I T  Blowdown Compressor F a c i l i t y  
on t h e  MIT A e r o e l a s t i c  Rotor ,  which i s  s t r u c t u r a l l y  t y p i c a l  of a 
modern high bypass r a t i o  turbofan  s t a g e .  These t e s t s  i d e n t i f i e d  
t h e  n a t u r a l  f r equenc ie s  of w h i r l  of t h e  r o t o r  system by f o r c i n g  
i t s  response us ing  an e lec t romagnet ic  shaker  w h i r l  e x c i t a t i o n  
system. The e x c i t a t i o n  was s l o w l y  swept i n  f requency a t  cons t an t  
ampli tude f o r  s e v e r a l  c o n s t a n t  r o t o r  speeds i n  both  a forward 
and backward w h i r l  d i r e c t i o n .  

The n a t u r a l  f r equenc ie s  of w h i r l  determined by t h e s e  
experiments  were compared t o  those p r e d i c t e d  by an a n a l y t i c a l  
6 DOF model of a f l e x i b l e  b l ade - r ig id  d i s k - f l e x i b l e  s h a f t  r o t o r .  
The model is  a l s o  p re sen ted  i n  terms of nondimensional 
parameters  i n  o rde r  t o  a s s e s s  the importance of t h e  i n t e r a c t i o n  
between t h e  bladed d i sk  dynamics and t h e  s h a f t - d i s k  dynamics. 
The c o r r e l a t i o n  between t h e  experimental  and p r e d i c t e d  n a t u r a l  
f r equenc ie s  is reasonable ,  given t h e  u n c e r t a i n t y  involved i n  
de te rmining  t h e  s t i f f n e s s  parameters of t h e  system. 
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1 .  I n t r o d u c t i o n  

Curren t  t r e n d s  i n  t h e  design of  a i r c ra f t  gas  t u r b i n e s  have 

r e s u l t e d  i n  l i g h t e r ,  more s t r u c t u r a l l y  e f f i c i e n t  engines  wi th  

h ighe r  spoo l  speeds  and h ighe r  bypass r a t i o  fans .  I n  p a r t i c u l a r ,  

f a n s  a r e  o f t e n  unshrouded a n d  are  o f  high a s p e c t  r a t i o ,  thereby  

i n c r e a s i n g  the  f l e x i b i l i t y  of the f a n  blading.  This  i nc rease  i n  

b lade  f l e x i b i l i t y  tends  t o  depress  t h e  blade n a t u r a l  f r equenc ie s  

towards those  of t h e  s h a f t - d i s k  system. A s  t h e  n a t u r a l  frequency 

of the  b l ade ,  i n  i t s  f i r s t  bending mode f o r  example, approaches 

t h e  n a t u r a l  f requency of t he  s h a f t  d i s k  system, t h e  i n t e r a c t i o n  

between t h e  blade modes and t h e  s h a f t - d i s k  modes inc reases .  

Neglec t ing  t h e s e  i n t e r a c t i o n  e f f e c t s  could  i n  some cases  lead t o  

i n a c c u r a t e  e s t i m a t e s  of r o t o r  c r i t i ca l  speeds and system n a t u r a l  

f r equenc ie s  a t  speed. Unexpected resonances  w i t h i n  t h e  e n g i n e ' s  

o p e r a t i n g  envelope may r e s u l t ,  with a l l  t h e  r e l i a b i l i t y  and 

performance p e n a l t i e s  i n h e r e n t  i n  o p e r a t i n g  a t  such p o i n t s .  This  

r e p o r t  d e s c r i b e s  a se t  of experiments c a r r i e d  o u t  i n  o rde r  t o  

e v a l u a t e  t h e  in f luence  of s h a f t  f l e x i b i l i t y  on t h e  dynamics of 

of bladed-disk systems. 

The w h i r l i n g  motion of a r o t a t i n g  bladed d i s k - s h a f t  system 

has  been i n v e s t i g a t e d  by s e v e r a l  au tho r s .  Ear ly  e f f o r t s  by 

Coleman and Fa ings ld  [i] t o  i n v e s t i g a t e  t h e  phenomenon known a s  

h e l i c o p t e r  ground resonance i d e n t i f i e d  t h e  cause of t h e  

i n s t a b i l i t y  t o  be wh i r l i ng  of the r o t o r .  L a t e r  a n a l y t i c a l  e f f o r t s  

by Cranda l l  and Dugundji [21  s tudied  t h e  wh i r l i ng  of p r o p e l l o r s  

powered by p i s t o n  engines .  The f i n i t e  element approach taken by 

P a l l a d i n o  and Rosse t to s  [31 a s  w e l l  a s  Loewy and Khader 141 

prov ides  numerical  estimates of the n a t u r a l  f r equenc ie s  of a 

bladed d i s k - s h a f t  system. I n  t h i s  i n v e s t i g a t i o n ,  t h e  a n a l y t i c a l  

model de r ived  by Mokadam [51 w i l l  be modified t o  p r e d i c t  t h e  

n a t u r a l  f r equenc ie s  of w h i r l  f o r  a r o t o r  t y p i c a l  of a 

c a n t i l e v e r e d  turbofan  s t age .  The r e s u l t s  of a s e t  of experimental  

10 



1 1  

w h i r l  t e s t i n g  w i l l  be compared wi th  p r e d i c t i o n s  of t he  model. 

A s i m p l i f i e d  r o t o r  model i nvo lv ing  a f l e x i b l e  s h a f t ,  r i g i d  

d i s k ,  and f l e x i b l e  b l ad ing  [ 5 ]  was employed t o  p r e d i c t  t h e  

dynamic behaviour  of  t he  MIT A e r o e l a s t i c  (AE)  r o t o r  a s  i n s t a l l e d  

i n  the MIT Blowdown Compressor F a c i l i t y  [61. The system v i b r a t i o n  

modes p r e d i c t e d  by t h e  model inc luded  motion of t he  d i s k  c e n t r o i d  

i n  the d i r e c t i o n  of r o t a t i o n  (forward w h i r l )  and oppos i t e  t o  t h e  

d i r e c t i o n  of r o t a t i o n  (backward w h i r l )  a s  viewed from t h e  r o t o r  

frame of r e fe rence .  The degree of i n t e r a c t i o n  between t h e  bladed 

d i s k  and s h a f t - d i s k  dynamics can be q u a n t i f i e d  by a s e t  of 

nondimensional i n t e r a c t i o n  c r i t e r i a .  The magnitude of t hese  

i n t e r a c t i o n  c r i t e r i a  determines i f  s u f f i c i e n t l y  a c c u r a t e  r e s u l t s  

can be ob ta ined  w i t h  uncoupled a n a l y s e s  of t h e  b lade-d isk  and 

sha f t -d i sk  dynamics. O the rwise  a coupled a n a l y s i s  o r  a f i n i t e  

element approach may be i n d i c a t e d .  

An exper imenta l  program t o  determine t h e  n a t u r a l  

f requencies  of  t he  MIT AE r o t o r  was undertaken i n  o r d e r  t o  

v a l i d a t e  t h e  p r e d i c t i o n s  obta ined  from t h e  model. A s e r i e s  of 

forced  response t e s t s  were conducted by s e t t i n g  up a p a r t i c u l a r  

w h i r l  e x c i t a t i o n  p a t t e r n ,  e i t h e r  forward o r  backward, and 

sweeping through a range of f o r c i n g  f r equenc ie s  a t  cons t an t  r o t o r  

speed. The response of the  system was monitored w i t h  an a r r a y  of 

on-rotor  and n o n r o t a t i n g  in s t rumen ta t ion .  By sweeping t h e  f o r c i n g  

frequency and  monitor ing the  system response  f o r  ampli tude peaks ,  

t he  system n a t u r a l  f r equenc ie s  were found. Therefore  t h e  system 

n a t u r a l  f r equenc ie s  p r e d i c t e d  by the  model could be compared t o  

those  exper imenta l ly  determined. 

The s e r i e s  of experiments desc r ibed  i n  t h i s  r e p o r t  were 

the  high speed t e s t s  i n  an ongoing r o t o r  w h i r l  t e s t i n g  program. 

Previous work [51  involved t h e  development of t he  f l e x i b l e  

s h a f t - r i g i d  d i s k - f l e x i b l e  blade model and the  c o n s t r u c t i o n  of a 

low speed vacuum w h i r l  s p i n  r i g .  T e s t s  were conducted i n  t h e  low 

speed spin r i g  i n  5 Hz (300 rpm) increments  of r o t o r  speed up t o  



30 Hz (1800 rpm). The high speed experiments  were conducted i n  

t h e  vacuum of t h e  MIT Blowdown Compressor f a c i l i t y  t e s t  s e c t i o n  

i n  30 Hz (1800 rpm) increments  of r o t o r  speed up t o  150 Hz (9000 

rpm). A t  h igher  r o t o r  speeds the  e f f e c t s  of r o t a t i o n  had a more 

pronounced e f f e c t  on t h e  system n a t u r a l  f r equenc ie s  and on t h e  

i n t e r a c t i o n  of t h e  modes. 

Chapter  2 provides  an  overview of t h e  6 degree of freedom 

(DOF) coupled r o t o r  model developed i n  [ 5 1  and p r e s e n t s  t h e  

necessary  f irst  o r d e r  c o r r e c t i o n s  t o  t h e  s h a f t  d i s k  dynamics t o  

account  f o r  a system c e n t e r  of mass o f f s e t  from the  d i s k  

geometr ic  c e n t e r .  The nondimensional i n t e r a c t i o n  c r i t e r i a  a r e  

a l s o  explored  and comparison a r e  made wi th  the  c l a s s i c a l  

c a n t i l e v e r e d  b l a d e l e s s  r o t o r  a n a l y s i s  of Den Hartog [ 7 ]  and w i t h  

recent work on bladed d i s k  dynamics by Crawley and Mokadam [ a ] .  
The exper imenta l  f a c i l i t i e s ,  i n s t rumen ta t ion ,  w h i r l  e x c i t a t i o n  

system a r e  desc r ibed  i n  Chapter  3. Chapter  4 d e s c r i b e s  the  

s e r i e s  of nonro ta t ing  modal surveys performed on t h e  MIT AE r o t o r  

a s  i n s t a l l e d  i n  t he  MIT Compressor Blowdown F a c i l i t y  i n  o r d e r  t o  

c h a r a c t e r i z e  t h e  s t i f f n e s s  parameters of t he  system. From t h e  

exper imenta l  de te rmina t ion  of the system s t i f f n e s s  parameters ,  

the  n a t u r a l  f r equenc ie s  of t h e  r o t a t i n g  b l ade -d i sk - sha f t  system 

a r e  p r e d i c t e d .  The r o t a t i n g  forced w h i r l  response t e s t s  a r e  

d i scussed  i n  Chapter  5 and reasonable  agreement bevieen t h e  

p r e d i c t e d  and exper imenta l ly  determined n a t u r a l  f r equenc ie s  is 

found . 



2 .  Analys is  of  a R o t a t i n g  S h a f t  - Bladed Disk System 

I n  order  t o  p r e d i c t  t he  dynamic behaviour of a shroudless  

f a n  wi th  f l e x i b l e  b lades  a f f i x e d  t o  a r i g i d  d i s k  and supported by 

a f l e x i b l e  s h a f t ,  a n  a p p r o p r i a t e  a n a l y t i c  model has  been 

developed. S ince  they  are  at tached t o  a r i g i d  d i s k  and n o t  

connected through midspan o r  t i p  shrouds,  t h e  N f a n  b lades  a r e  

assumed t o  be e l a s t i c a l l y  uncoupled. The b lades  are a l s o  assumed 

t o  be s t r u c t u r a l l y  i d e n t i c a l ,  o r  w e l l  tuned. The s h a f t  upon which 

t h e  d i s k  i s  suppported has  s u f f i c i e n t  f l e x i b i l i t y  t o  a l low f o r  

t r a n s l a t i o n  of t h e  d i s k  c e n t r o i d  i n  t h e  p lane  o f  r o t a t i o n  and 

p i t c h i n g  of t h e  d i s k  o u t  of  t h e  plane of  r o t a t i o n .  The main 

o b j e c t i v e  of t h e  development of  t h e  coupled b lade-d isk-shaf t  

dynamic model is  t o  determine the c r i t e r i a  f o r  i n t e r a c t i o n  

between t h e  blade motion and t h e  r i g i d  body motion of  t h e  d i s k  

supported on t h e  f l e x i b l e  s h a f t .  I f  t h e  coupl ing i n t e r a c t i o n s  

a r e  s t r o n g ,  then t h e  s o l u t i o n  of t he  f u l l y  coupled system i s  

warranted i n  o r d e r  t o  o b t a i n  accura te  estimates of t h e  system 

n a t u r a l  f requencies .  Otherwise,  i f  t h e  i n t e r a c t i o n s  a r e  weak, 

then  t h e  bladed d i s k  dynamic problem may be so lved  independent of 

t h e  s h a f t - d i s k  dynamic problem. 

Tho g e n e r a l i z e d  degrees  of freedom of t h e  model e x p r e s s  

blade and s h a f t  d e f l e c t i o n  wi th  re ference  t o  a r o t o r - f i x e d  

c o o r d i n a t e  system. The equat ions w i l l  f i r s t  be d e r i v e d  i n  a 

c o o r d i n a t e  system centered a t  the geometr ic  c e n t r o i d  t h e  d i s k .  

I n  t h e  absence of a massive s h a f t ,  t h i s  p o i n t  would a l s o  be t h e  

system c e n t e r  of mass. The approximate e f f e c t  of t h e  presence of 

a massive s h a f t ,  which s h i f t s  the system c e n t e r  of mass of t h e  

system away from t h e  c e n t r o i d  of t h e  d i s k ,  w i l l  be explored .  

Subsequently t h e  equat ions w i l l  be expressed  i n  a 

nondimensional form. I n  t h i s  way t h e  t h e  r e l e v a n t  nondimensional 

parameters  governing t h e  coupled b lade-d isk-shaf t  v i b r a t i o n  of a 

s h r o u d l e s s  f a n  can be i d e n t i f i e d .  These parameters  w i l l  be 

13 
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compared t o  those  obta ined  by Den Hartog [71 i n  h i s  c lass ica l  

a n a l y s i s  of t h e  asynchronous w h i r l  of a c a n t i l e v e r e d  b l a d e l e s s  

d i s k .  The s i m i l a r i t i e s  between t h e  two a n a l y s e s  w i l l  be 

i d e n t i f i e d  and t h e  necessary e x t e n s i o n s  t o  inc lude  blade 

f l e x i b i l i t y  w i l l  be poin ted  o u t .  The nondimensional izat ion 

procedure w i l l  f a c i l i t a t e  t h e  assessment  of t h e  importance of t h e  

i n t e r a c t i o n s  between t h e  bladed d i s k  v i b r a t i o n  and t h e  w h i r l i n g  

s h a f t  motion i n  r o t a t i n g  turbomachinery. 

2 . 1 )  Equations of Motion 

The homogeneous e q u a t i o n s  of motion of  a system o f  N 

f l e x i b l e  b l a d e s  c a n t i l e v e r e d  from t h e  hub of a r i g i d  d i s k  

supported by a r o t a t i n g  f l e x i b l e  s h a f t  w i l l  be presented .  The 

blades a r e  modelled wi th  a s i n g l e  R i t z  bending mode and a r e  

a t tached  t o  t h e  d i s k  wi th  a n  e f f e c t i v e  s t r u c t u r a l  s t a g g e r  angle  o 

between t h e  normal t o  the  d i s k  plane and t h e  blade chord l i n e ,  a s  

shown i n  f i g .  2 . 1 .  I n  g e n e r a l  t h e  d i s k  may be l o c a t e d  a t  any 

a x i a l  p o s i t i o n  a l o n g  a s h a f t  of a r b i t r a r y  boundary c o n d i t i o n s .  

The s h a f t  s t i f f n e s s ,  which i s  r e p r e s e n t e d  by e q u i v a l e n t  s p r i n g s ,  

may include both  t r a n s l a t i o n a l  and p i t c h  displacement  

s t i f f n e s s e s ,  as w e l l  a s  a s t i f f n e s s  coupl ing between d i s k  

p i t c h i n g  and t r a n s l a t i o n .  

The e q u a t i o n s  of motion for t h e  b lade-d isk-shaf t  system 

were der ived by Mokadam [ 5 ]  u s i n g  a Lagrangian formulat ion.  This  

model of t h e  w h i r l i n g  shaf t -b laded  d i s k  system inc luded  t h e  

fol lowing degrees  of  freedom, expressed i n  t h e  r o t a t i n g  

coord ina te  system, as  shown f i g .  2 .1:  

- two or thogonal  d i s k  t r a n s l a t i o n  modes i n  

t h e  p l a n e  of r o t a t i o n  ( q a  and qyR),  

- two o u t  of plane d i s k  p i t c h  modes about  

mutual ly  or thogonal  d i a m e t r a l  l i n e s  

( q s R  and q q R ) ,  

- one R i t z  beam f i r s t  bending mode f o r  each of 



t h e  N b l ades  ( q i ,  i = O ,  . . . ,N-l). 
The use  of coord ina te s  expressed i n  t h e  r o t a t i n g  frame of 

r e fe rence  i s  h e l p f u l  from t h e  poin t  of view of t he  exper imenta l  

i n v e s t i g a t o r ,  s i n c e  displacement  and a c c e l e r a t i o n  s i g n a l s  

measured on t h e  r o t a t i n g  bladed d i s k  are r e f e r r e d  t o  t h i s  

coord ina te  frame. Comparisons between t h e  exper imenta l  r e s u l t s  

and t h e  behaviour  p r e d i c t e d  by the a n a l y t i c a l  model are t h e r e f o r e  

more r e a d i l y  made if t h e  behaviour i s  desc r ibed  i n  t h e  r o t a t i n g  

r e f e r e n c e  frame. 

The r e l e v a n t  coupl ing  of  t h e  blade modes t o  the  s h a f t  

t r a n s l a t i o n  and p i t c h i n g  becomes apparent  when t h e  displacement  

f o r  each i n d i v i d u a l  blade is expressed a s  the  sum of s i n e  and 

cos ine  nodal  d iameter  p a t t e r n s :  

N - 1  
= [ -a s i n  ne + b COS ne.  1 , ( 2 . 1 . 1  1 ‘i n - 0  n i n 1 

where c t i  i s  the  angu la r  p o s i t i o n  of t h e  ith blade on t h e  

d i s k  : 

Only t h e  one nodal  d iameter  s i n e  and cos ine  blade modes couple 

w i t h  t h e  t r a n s l a t i o n  and p i t ch inq  of  t he  d i s k  on i t s  s h a f t .  The 

umbrella or z e r o  nodal  d iameter  cosine blade mode completely 

decouples  from t h e  o t h e r  blade modes and would couple  w i t h  t he  

d i s k  a x i a l  t r a n s l a t i o n  and in-plane r o t a t i o n a l  degrees  of freedom 

of t h e  d i s k .  However t h e  p r e s e n t  model does no t  i nc lude  d i s k  

a x i a l  motion o r  r o t a t i o n a l  v i b r a t i o n  motions. Therefore  t h e  z e r o  

nodal  d iameter  b lade  mode f o r  t h i s  s i m p l i f l i e d  model i s  governed 

by eq. (2 .1 .2 ) .  

2 2 

m b + E K + ( m - m c0s-a  )n- ]bo = 0 .  ( 2 . 1 . 2 )  
0 0  B n o  

For a d i s c u s s i o n  of t h e  dynamics of t h i s  made, see 181. 
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The h igher  blade modes, which have more than  one nodal  

diameter ,  a l s o  completely decouple from t h e  d i s k  motion. These 

a re  t h e  so c a l l e d  r e a c t i o n l e s s  modes which e x e r t  no n e t  i n e r t i a l  

r e a c t i o n  on t h e  d i s k  due t o  t h e i r  motion. The e q u a t i o n s  of 

motion for t h e s e  so c a l l e d  r e a c t i o n l e s s  modes a r e  given by: 
II 2 2 

m a  + [ K  + ( m  - m c o s a ) n  l a  = O  (2 .1.3)  
n 0 O n  B n 

( n > l )  
,I 2 9 - m COS a )n ]b = 0 (2 .1 .4 )  

m b  O n  + [ K * + ( m  a 0 n 

The homogeneous coupled w h i r l  e q u a t i o n s  of motion, which 

include t h e  blade one nodal  d iameter  motion, a re  shown i n  m a t r i x  

form i n  eq. (2 .1 .5 ) .  The blade one nodal  d iameter  modes couple  

t o  the d i s k  t r a n s l a t i o n  motion i n e r t i a l l y ,  g y r o s c o p i c a l l y  and 

c e n t r i f u g a l l y .  The n-1 blade modes couple  t o  t h e  d i s k  p i t c h  

motion i n e r t i a l l y  and c e n t r i f u g a l l y .  These coupled w h i r l  

equa t ions  were d e r i v e d  assuming t h a t  t h e  c e n t e r  of t h e  a x i s  

system l o c a t e d  a t  t h e  c e n t r o i d  of t h e  d i s k  co inc ided  w i t h  t h e  

system c e n t e r  of mass, a s  shown i n  f i g .  

In e q u a t i o n s  ( 2 . 1 . 2 )  t o  ( 2 . 1 . S ) ,  

hold : 

M =  I d m  
V 

I = J [ X  2 + z l d m  2 

P V 

rT 2 
m = r I [ y ( r ) I  dm 

0 T ,  
L 

H 

r T 
rn = r I y ( r ) d m  

T r  
2 

H 

2.2a. 

t h e  fo l lowing  d e f i n i t i o n s  

2 2  
= I [ y +  z ldm 

V 

H 

rT l m = r J r  
a T r  

H 

r ) tdm 

The q u a n t i t y  mo i s  the  blade modal mass, m i  is the  blade 

c o n s i s t e n t  mass coupl ing t o  d i s k  p i t c h ,  m2 is t h e  blade 
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c o n s i s t e n t  mass coupl ing  t o  d i s k  t r a n s l a t i o n ,  and 9 is thd 

blade mass f o r e s h o r t e n i n g  term. 

Often t h e  system c e n t e r  of  mass is n o t  l o c a t e d  a t  t h e  

c e n t r o i d  of  t h e  d i s k ,  which w a s  chosen i n  t h e  above a n a l y s i s  as  

t h e  coord ina te  system o r i g i n .  T h i s  is  i n  f a c t  t h e  c a s e  f o r  t h e  

MIT AE r o t o r .  Ins t rumenta t ion  c o n s i d e r a t i o n s  made i t  d e s i r a b l e  t o  

r e f e r  t h e  motion t o  a c o o r d i n a t e  system c e n t e r  a t  t h e  geometr ic  

c e n t r o i d  o f  t h e  d i s k .  Because t h e  mass of t h e  s h a f t  was n o t  

n e g l i g i b l e ,  t he  c e n t e r  of mass of  t h e  r o t o r  system was o f f s e t  

from t h e  c e n t r o i d  of  t h e  d i s k .  Under t h e s e  circumstances t h e  

t r a n s l a t i o n a l  and p i t c h  motion t h e  d i s k  are  i n e r t i a l l y  coupled,  

even i n  t h e  absence of  blade dynamics o r  s h a f t  e l a s t i c  coupl ing.  

This  e f f ec t  must be inc luded  i n  t h e  e q u a t i o n s  of motion. An 

a p p r o p r i a t e  a x i a l  mass imbalance S is def ined  a s :  

S = I zdm 
V 

( 2 . 1  .6) 

The mass imbalance was in t roduced  i n  t h e  coupled w h i r l  e q u a t i o n s  

of notion by c o r r e c t i n g  t h e  upper l e f t  c o r n e r  4x4 d i s k  motion 

submatr ices  of eq. (2 .1 .5)  [ 4 ] .  The c o r r e c t e d  submatr ix  e q u a t i o n  

exac t ly  r e p r e s e n t s  t h e  w h i r l i n g  motion of a d i s k  w i t h  r i g i d  

blades.  For small o f f s e t s  of t h e  c e n t e r  of mass from t h e  d i s k  

c e n t r i o d ,  t h e  e f f e c t  of t h e  r e s u l t i n g  imbalance on t h e  b lade  

dynamics and i t s  coupl ing  t o  t h e  d i s k  motion i s  of h igher  o r d e r ,  

and w i l l  n o t  be inc luded  i n  t h e  c u r r e n t  model. For an e x a c t  

r e p r e s e n t a t i o n  of t h e s e  imbalance e f f ec t s  on t h e  blade motion see 

161. The mat r ix  e q u a t i o n s  of  motion for t h e  mass imbalance 

cor rec ted  system a r e  shown i n  eq. (2 .1 .7) .  The dynamics of t h e  

blade modes which are  uncoupled from t h e  d i s k  motion, eq. (2 .1 .2)  

t o  ( 2 . 1 . 4 1 ,  remain unchanged. 

The set of e q u a t i o n s  (2.1.7)  show t h e  c h a r a c t e r i s t i c  

behavior of t h e  coupled shaf t -b laded  d i s k  system expressed  i n  

t h e  r o t o r  frame of r e f e r e n c e .  D i s k  r i g i d  body t r a n s l a t i o n  

displacements qm and qyR couple  i n e r t i a l l y  t o  both t h e  d i s k  
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r i g i d  body p i t c h  motion, through t h e  c e n t e r  of mass o f f s e t  term 

S ,  and t h e  blade one nodal  d iameter  b lade  d e f l e c t i o n s ,  through 

t h e  N / 2  m cosa terms. The i n e r t i a l  coupl ing effects  are always 

symmetric i n  t he  e q u a t i o n s  of motion. The two t r a n s l a t i o n a l  

degrees of  freedom a l s o  couple gyroscopica l ly :  t o  each  o t h e r  

( through t h e  r o t o r  mass 2nM), t o  t h e  d i s k  p i t c h i n g  motion 

(through 2nS) ,  and t o  the  blade one nodal  diameter d isp lacement  

(through n N m z  cos0 1 .  The gyroscopic  coupl ing terms a r e  

ant isymmetr ic ,  o r  skew-symmetric, i n  t h e  equat ions  of motion. The 

d i s k  r i g id  body t r a n s l a t i o n  terms i n  t h e  s t i f f n e s s  m a t r i x  show 

t h e  c e n t r i f u g a l  d e s t i f f e n i n g  of  t h e  t r a n s l a t i o n a l  s t i f f n e s s  t e r m s  

K,R and K y ~ .  Depending on t h e  s i g n  of t h e  c e n t e r  of mass 

o f f s e t  S ,  t h e  t r a n s l a t i o n - p i t c h  coupl ing  s t i f f n e s s e s  K,,,R and 

a r e  e i t h e r  a l t e r n a t e l y  d e s t i f f e n e d  o r  s t i f f e n e d  by t h e  KYS R 
c e n t r i f u g a l  e f fec ts .  The d i s k  t r a n s l a t i o n  motion i s  a l s o  

d e s t i f f e n e d  by c e n t r i f u g a l  coupl ing  t o  t h e  blade one nodal  

diameter motion. 

The  d i s k  out-of-plane p i t c h i n g  displacements  q c R  and 

q,,R can be seen from eq. ( 2 . 1 . 7 )  t o  i n e r t i a l l y  couple w i t h  t h e  

disk t r a n s l a t i o n  motion ( through S )  and t o  t h e  b lade  one nodal  

diameter displacement  through N / 2 * m l  sina. The d i s k  p i t c h i n g  

degrees of freedom a r e  no t  mutual ly  coupled i n  t h e  gyroscopic  

sense ,  as were t h e  two d i s k  t r a n s l a t i o n a l  degrees  of freedom. 

T h i s  is due t o  t h e  f a c t  t h a t  t h e  e q u a t i o n s  of motion a r e  

expressed i n  t h e  r o t o r  frame and n o t  i n  a n o n r o t a t i n g  c o o r d i n a t e  

system. I f  t h e  e q u a t i o n s  were expressed  i n  t h e  n o n r o t a t i n g  frame,  

t h e  converse would be t r u e ,  t h a t  is t h e  t w o  d i s k  p i t c h  d e g r e e s  of 

freedom would g y r o s c o p i c a l l y  couple  w i t h  each o t h e r  and t h e  d i s k  

t r a n s l a t i o n  motion would be mutual ly  uncoupled. The d i s k  p i t c h i n g  

s t i f f n e s s  t e r m s  K S R  and K,,R a r e  c e n t r i f u g a l l y  s t i f f e n e d  by 

R I p .  Depending on the s i g n  of S ,  t h e  d i s k  t r a n s l a t i o n - p i t c h  

coupling s t i f f n e s s e s  K,,,R and K y S ~  a re  a l t e r n a t e l y  

c e n t r i f u g a l l y  d e s t i f f e n e d  o r  s t i f f e n e d .  The blade one nodal  

2 
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diameter  d i sp lacement  modes couple t o  c e n t r i f u g a l l y  d e s t i f f e n  t h e  

d i s k  p i t c h  motion through t h e  terms Q2N/2*ml sina . 
C e n t r i f u g a l  blade s t i f f e n i n g  terms are a lso seen on t h e  

d iagonal  of t h e  s t i f f n e s s  m a t r i x  i n  rows 5 and 6 .  The Southwell  

c o e f f i c i e n t  E ,  which r e p r e s e n t s  t h e  degree of s t i f f e n i n g ,  r e l a t e s  

t h e  blade n a t u r a l  f r e q u e n c i e s  i n  the absense  o r  presence  of mean 

r o t a t i o n  n : 

w = /a2 + En2- (2 .1.8)  
R B 

Comparing e q u a t i o n s  (2.1.7)  and ( 2 . 1 . 8 1 ,  t h e  Southwell  

c o e f f i c i e n t  is : 

2 m 
q . = ' Q  - c o s  a - (2 .1 .9)  

The first term i n  eq. (2 .1 .9 )  r e p r e s e n t s  the  s t i f f e n i n g  due t o  

blade f o r e s h o r t e n i n g  and t h e  second term t h e  d e s t i f f e n i n g  due t o  

in-plane motion. 

2.2) Nondimensional Equat ions of Motion and I n t e r a c t i o n  Cr i t e r i a  

The coupled s e t  of  equat ions (2.1.7)  d e s c r i b e  t h e  

homogeneous behavior  of  t h e  bladed d i s k  - s h a f t  r o t a t i n g  system. 

I t  is  i n s t r u c t i v e  t o  e x p r e s s  t h e  equat ions  nondimensional ly ,  and 

t o  i d e n t i f y  t h e  r e l e v a n t  nondimensional parameters .  The r e l a t i v e  

importance of each s t r u c t u r a l  dynamic q u a n t i t y ,  such as  s h a f t  

s t i f f n e s s  or blade  i n e r t i a l  coupling t o  d i s k  t r a n s l a t i o n ,  can be 

determined by e v a l u a t i n g  t h e  magnitude of  t h e  corresponding 

nondimensional terms. Therefore  a nondimensional e q u a t i o n  s e t  

would be more u s e f u l  f o r  eva lua t ing  t h e  c r i t e r i a  f o r  i n t e r a c t i o n  

between t h e  dynamics o f  b lade  v i b r a t i o n  and s h a f t  w h i r l .  

Observat ions comparing t h i s  normalizat ion scheme and Den Hartog's 

[7 ]  classical  approach f o r  a whi r l ing  c a n t i l e v e r e d  r o t o r  w i t h  no 

b lades  w i l l  a l so  be made. 
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In  formula t ing  t h e  nondimensional izat ion scheme f o u r  

length s c a l e s  appear.  Two l e n g t h  s c a l e s  n a t u r a l l y  a r i s e  from t h e  

mass parameters :  t h e  a x i a l  o f f s e t  of t h e  system c e n t e r  of mass 

from t h e  c e n t r o i d  of  t h e  d i s k  (cl and t h e  r a d i u s  of g y r a t i o n  f o r  

p i t c h i n g  o f  t h e  d i s k  ( d ) .  The t r a n s l a t i o n a l  degrees  of  freedom 

q- and qyR w i l l  be normalized by d. The l e n g t h  scales t h a t  

arise from c o n s i d e r a t i o n  of t h e  b lade  geometry are t h e  b lade  t i p  

rad ius  r T  and hub r a d i u s  r H .  Of the  f o u r  l e n g t h  s c a l e s ,  one 

is chosen a s  t h e  fundamental  l e n g t h  and t h e  o t h e r s  are expressed  

a s  r a t i o s  which a r e  normalized by t h i s  l e n g t h .  Because t h e  

t r a n s l a t i o n a l  degrees  of freedom were normalized by t h e  d i s k  

p i t c h i n g  r a d i u s  of  g y r a t i o n ,  d i s  chosen a s  t h e  fundamental 

length and t h e  o t h e r  l e n g t h  s c a l e s  a r e  expressed  a s :  

C 
Y - 

d 

T 
r 

d 
I - - 

d 

The n a t u r a l  frequency of t h e  n o n r o t a t i n g  tuned b l a d e s  WB 

was chosen as the  r e f e r e n c e  time q u a n t i t y .  T h i s  i s  t h e  blade 

frequency t h a t  would be measured i f  t h e  blade w a s  c a n t i l e v e r e d  

from a p e r f e c t l y  r i g i d  foundat ion.  This  choice of  a r e f e r e n c e  

t i m e  scale was a r b i t r a r y  but  convenient  f o r  t h e  c u r r e n t  problem 

of a s s e s s i n g  t h e  impact of t h e  f l e x i b i l i t y  and w h i r l i n g  o f  t h e  

s h a f t  on t h e  blade dynamics. The  t i m e  v a r i a b l e  t normalized by 

W B  i s  T :  

T = w g t  ( 2 . 2 . 1 )  

where: 

- K g  w -  
B i i T  

0 

(2.2.2) 

Therefore d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t i m e  ( * )  becomes 

d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  W B  ( 1 ' :  



d = ( * )  = (J = w 0' (2.2.3) 
d t  d T  
- B -  B 

Seve ra l  nondimensional mass parameters  a r i s e  i n  t h e  

normal iza t ion  scheme. The comparison of d iagonal  and o f f -d i agona l  

i n e r t i a  terms i n  t h e  equat ions  of motion y i e l d s  mass coupl ing  

r a t i o s  p expres s ing  the  r e l a t i v e  magnitude of t he  i n e r t i a l  

zt-;i;liiig ter-,s. A r z t i z  of myZ.ES m,,trix . li=gcnal o n t r i e s  p ,  which 

expres ses  t h e  r e l a t i v e  mas5 of the b l ades  and the  d i s k ,  a l s o  

appears .  As def ined  below, t h e  mass coupl ing  parameter  f o r  

i n t e r a c t i o n  between d i s k  t r a n s l a t i o n a l  motion and blade one nodal  

d iameter  v i b r a t i o n  i s  p T B  ( i . e .  T r a n s l a t i o n  - Blade)  [9]. 

Note t h e  dependence of p T B  on the square  of t h e  cos ine  of t h e  

e f f e c t i v e  s t a g g e r  ang le  ang le  a. The i n e r t i a l  coupl ing between 

d i s k  p i t c h i n g  and b lade  one nodal diameter  v i b r a t i o n  i s  p p ~  

( i . e .  p P i t c h  - Blade) .  This  term depends on t h e  square  of t h e  

s i n e  of t h e  s t a g g e r  angle .  The r a t i o  of mass mat r ix  d i agona l  

e lements  t h a t  a r i s e s  n a t u r a l l y  from t h i s  normal iza t ion  scheme i s  

t h e  r a t i o  of t h e  blade modal mass t o  t h e  d i s k  p i t c h  moment of 

i n e r t i a ,  p .  These nondimensional i n e r t i a  terms a r e  d e f i n e d  

be low : 

- 

- 

m0 
P = -  

I P  

The d i s k  t r a n s l a t i o n - p i t c h  i n e r t i a l  coupl ing  term p T ~ ,  

d e f i n e d  below, is nonzero due t o  t h e  choice  of a coord ina te  

system cen te red  a t  t h e  c e n t r o i d  of t h e  d i s k ,  and n o t  a t  t h e  

c e n t e r  of mass of t h e  system. Note  t h a t  t h e  express ion  f o r  p ~ p  

reduces  t o  t h e  square  of t h e  o f f s e t  of  the  c e n t e r  of mass from 

t h e  d i s k  c e n t r o i d  normalized by the fundamental l eng th  s c a l e  d .  
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S2 2 

P ’TP MI 

The e f f e c t s  of r o t a t i o n  y i e l d  two nondimensional 

parameters ,  t h e  Southwell  c o e f f i c i e n t  !?, as def ined  i n  eqn . (2 .1 .9)  

and the nondimensional r o t o r  speed Q/wB: 

m 2 
II =n- C O S U  

B w 
m0 

Applying t h e  normal iza t ion  scheme t o  the s t i f f n e s s  m a t r i x  

i n  the equa t ions  of motion (2.1.7)  y i e l d s  nondimensional 

frequency r a t i o s  and a s t i f f n e s s  coupl ing  parameter .  The 

frequency r a t i o s  I J ~ / W B  and wy/uB, de f ined  below, q u a n t i f y  

t h e  r e l a t i v e  proximi ty  of t he  uncoupled s h a f t  t r a n s l a t i o n a l  

v i b r a t i o n a l  f requency t o  t h e  n a t u r a l  frequency of a c a n t i l e v e r e d  

blade.  The frequency r a t i o s  u,,/wB and w E / w B  expres s  t h e  

proximity of the  uncoupled 

frequency. For Q symmetric 

KrlR (?Y = - IP 
2 

B w 

s h a f t  p i t c h i n g  frequency t o  t h e  b l ade  

s h a f t  t h e s e  r a t i o s  are: 

A s h a f t  t r a n s l a t i o n - p i t c h i n g  s t i f f n e s s  coupl ing  parameter  

k a l s o  appears  i n  t h e  nondimensional izat ion.  

k appears i n  a manner t h a t  is analogous t o  t h e  parameter  

u T P ,  which ar ises  due t o  t h e  f a c t  t h a t  t h e  o r i g i n  of t h e  

coord ina te  system is cen te red  a t  t h e  d i s k  c e n t r o i d  and n o t  t h e  

c e n t e r  of mass of t h e  system. T h i s  s t i f f n e s s  coupl ing  k 

arises because the  o r i g i n  of the  coord ina te  system does n o t  

The parameter 
,% 

A 



25 

coinc ide  w i t h  t h e  a x i a l  l o c a t i o n  of t h e  s h e a r  center.  The s h e a r  

cen ter  is d e f i n e d  as  t h e  p o i n t  along t h e  r o t o r  c e n t e r l i n e  where 

t h e  a p p l i c a t i o n  of a t r a n s v e r s e  fo rce  does n o t  r e s u l t  i n  any 

p i t c h i n g  d e f l e c t i o n  of t h e  r o t o r ,  and t h e  a p p l i c a t i o n  of a 

p i t c h i n g  torque  does n o t  r e s u l t  in  any t r a n s v e r s e  d e f l e c t i o n .  

For a system i n  which t h e  s h a f t  s t i f f n e s s  is symmetric w i t h  

r e s p e c t  t o  t h e  x and y d i r e c t i o n s  as seen i n  fig. 2.1,  t h e  

nondimensional s t i f f n e s s  coupl ing parameter  i s  def ined:  

Applying t h i s  nondimensional iz t ion scheme t o  t h e  e q u a t i o n s  

of motion (2.1.7)  y i e l d  t h e  nondimensional equat ion  s e t  ( 2 . 2 . 4 ) .  

Also ,  t h e  uncoupled z e r o  nodal  diameter  cos ine  and n > l  nodal  

d iameter  s i n e  and c o s i n e  b lade  modes nondimensionalize t o :  

n go + [ 1 + L ( w B ] bo = 0 ( 2 . 2 . 5 )  

( 2 . 2 . 7 )  
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Thus, f o r  a symmetric r o t o r ,  t h e r e  a r e  n ine  nondimensional 

parameters  i n  t h e  f u l l  problem: 

~ T P  i n e r t i a l  t e r m  coupling d i s k  t r a n s l a t i o n  and 

d i s k  p i t c h i n g  motion 

U TB i n e r t i a l  term coupling d i s k  t r a n s l a t i o n  and 

blade displacement  

P B  i n e r t i a l  term coupling d i s k  p i t c h i n g  and 

b lade  displacement  

P r a t i o  of blade modal mass t o  d i s k  p i t c h i n g  

moment of  i n e r t i a  
h 

k s t i f f n e s s  term coupling d i s k  t r a n s l a t i o n  and 

d i s k  p i t c h i n g  

W ~ / W B  r a t i o  of r o t o r  uncoupled d i sk  t r a n s l a t i o n a l  

f requency a t  Q=O t o  i s o l a t e d  blade frequency a t  n=O 
r a t i o  of r o t o r  uncoupled d i sk  p i t c h i n g  

frequency a t  Q=O t o  i s o l a t e d  blade frequency a t  n=O 
W,,/WB 

Q / W B  

9, 

The numeri 

nondimensional r o t o r  speed 

Southwell  c o e f f i c i e n t  

s l  v a l u e s  of t h e s e  parameters f r t h e  MIT AE r o t o r  are 

given i n  Appendix A .  Typica l  va:ues of sme of these  parameters  

f o r  va r ious  g e n e r i c  types  of turbomachinery a r e  given i n  [9]. 

Den H a r t o g ' s  a n a l y s i s  of  a b l a d e l e s s  c a n t i l e v e r e d  r o t o r  

171 can be thought  of as a s p e c i a l  case of t he  p r e s e n t  model. H i s  

model d e s c r i b e s  t h e  motion of  a massive d i s k  on a massless s h a f t  

u s ing  a r o t a t i n g  coord ina te  system wi th  its o r i g i n  l o c a t e d  a t  t h e  

c e n t r o i d  of  t h e  d i s k .  S h a f t  mass imbalance is t h e r e f o r e  no t  

included.  Of cour se ,  b lade  f l e x i b i l i t y  e f f e c t s  a r e  a l s o  n o t  

included.  A f u r t h e r  s i m p l i f i c a t i o n  i s  introduced by t h e  u s e  of a 

coord ina te  system r o t a t i n g  n o t  a t  t he  r o t o r  speed n, bu t  a t  t he  

asynchronous w h i r l  rate L). This  t ransformat ion  reduces the  

problem t o  one of on ly  two degrees of freedom: a r a d i a l  d i s k  
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d e f l e c t i o n  and a d i s k  coning angle .  

The Den Hartog approach t o  t h e  s i m p l i f i e d  r o t o r  y i e l d s  only  

t h r e e  nondimensional parameters :  t he  "d isk"  e f f e c t  6 ,  t h e  

e l a s t i c  coupl ing E ,  and the  nondimensional speed S. I n  

terms of t he  p r e s e n t  nomenclature ( f o r  a symmetric r o t o r )  t hey  

correspond to :  

- 

( 2 . 2 . 8 )  

2 2 

K~ KrlR 

n - 
B w 

s =  

YR KSR 
K 

( 2 . 2 . 9 )  

( 2 . 2 . 1 0 )  
w 

X 

B 

- 
w 

The w h i r l  f r equenc ie s  of t h e  Den Hartog model a r e  t h e  fou r  

r o o t s  of t he  c h a r a c t e r i s t i c  polynomial:  
- - 

1 = 0 ( 2 . 2 . 1 1 )  2 0 s  - -4 - - 3  D + 1 - 2  
F - 20S.F + I I F - -  F - -  - - 

D* (E+ 1 ) E -  1 D. (E-  1 ) 
- 

where E' is t h e  nondimensional frequency: 

w - w 
F -  

- 
B - 

w 
X - 
B w 

( 2 . 2 . 1 2 )  

Equation ( 2 . 2 . 1 1 )  i s  w e l l  known and has  been used e x t e n s i v e l y  i n  

t h e  design of  c a n t i l e v e r e d  r o t o r s .  For a complete t r ea tmen t  of 

the  dynamics of a bladed d i s k  - s h a f t  system, t h e  f u l l y  coupled 

s e t  of equat ions  ( 2 . 2 . 4 )  should  be cons idered .  Th i s  h ighe r  o r d e r  



model i s  r e q u i r e d  when t h e  i n t e r a c t i o n  c r i t e r i a ,  d i s c u s s e d  

below, i n d i c a t e  a p p r e c i a b l e  i n t e r a c t i o n s  between t h e  b laded  d i s k  

v i b r a t i o n  and t h e  s h a f t  wh i r l i ng  motion. 

The normalized equa t ions  of motion (2 .2 .41  y i e l d  a 

convenient  form f o r  t h e  eva lua t ion  of the  cr i ter ia  f o r  

i n t e r a c t i o n  between t h e  bladed disk dynamics and t h e  s h a f t  

wh i r l i ng  motion. The b a s i c  ques t ion  t o  be addressed  is: under 

w h a t  c i rcumstances  i s  t h e  i n t e r a c t i o n  between t h e  b l ade  motion 

and t h e  d i s k  r i g i d  body motion s u f f i c i e n t  t o  warran t  s o l v i n g  t h e  

f u l l y  coupled equa t ions  of motion. I f  t h e  i n t e r a c t i o n s  are weak, 

then t h e  bladed d i s k  v i b r a t i o n  and s h a f t - d i s k  w h i r l  problems may 

be so lved  a s  two s imple r  ana lyses .  The p ropens i ty  f o r  

i n t e r a c t i o n  between t h e  two m o t i o n s  is determined by t h e  

proximi ty  of t h e  s h a f t  t r a n s l a t i o n  and p i t c h  mode f r e q u e n c i e s  t o  

the  uncoupled b lade  frequency [9]. 

The procedure f o r  a s ses ing  t h e  s t r e n g t h  of t h e  i n t e r a c t i o n  

r e q u i r e s  a knowledge of  t h e  uncoupled b lade  n a t u r a l  f requency and 

t h e  uncoupled s h a f t  n a t u r a l  f requencies  ( i . e .  t h e  f r e q u e n c i e s  of  

t he  s h a f t  assuming t h e  b l ades  a re  r i g i d ) .  An estimate of t h e  

s h a f t  n a t u r a l  f r equenc ie s  can be obta ined  by s o l v i n g  t h e  4x4 

s h a f t  motion submatr ix  i n  t h e  upper l e f t  hand co rne r  of eqn. 

( 2 . 2 . 4 ) .  The r e s u l t i n g  coupled s h a f t  t r a n s l a t i o n  ! p i t c h  

f r equenc ie s  are 01 and w 2  , r e spec t ive ly .  Therefore  the  

c r i t e r i a  f o r  p ropens i ty  of i n t e r a c t i o n  w i l l  be determined by t h e  

va lue  of  t h e  t w o  r a t i o s :  w i / w g  and w 2 / w ~  being c l o s e  t o  

u n i t y .  

I n  t h e  s imple case of a r o t o r  w i th  r e l a t i v e l y  weak 

t r a n s l a t i o n - p i t c h  coupl ing ,  t h e  f r equenc ie s  w i  and w 2  can be 

approximated by cons ide r ing  only the  d iagonal  e lements  o f  t h e  

equa t ions  of  motion. For a symmetric r o t o r  w i th  only  d i s k  

t r a n s l a t i o n a l  deg rees  of freedom, t h e  r a t i o  of t he  d i s k  t o  b lade  

n a t u r a l  f r e q u e n c i e s  a s  a func t ion  of r o t a t i o n  ra te  is  [9]: 
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and f o r  a r o t o r  w i t h  only  p i t c h  degrees  of 

the  disk t o  b lade  n a t u r a l  f requencies  is: 

n 

(2 .2 .13)  B w 

freedom, t h e  r a t i o  of 

I n  gas  t u r b i n e s ,  t h e  blade frequency W B  is u s u a l l y  

h igher  than t h e  s h a f t - d i s k  coupled t r a n s l a t i o n / p i t c h  f r equenc ie s  

wi and LIZ [ 9 ] .  This  impl ies  t h a t  the uncoupled blade n a t u r a l  

frequency is u s u a l l y  above t h e  f i r s t  two s h a f t  c r i t i c a l  speeds .  

I n  the  case of t h e  MIT AE r o t o r ,  t he  s h a f t  s t i f f n e s s  and d i s k  

i n e r t i a  a r e  such t h a t  t h e  p i t c h  dominated mode i s  h ighe r  than  t h e  

t r a n s l a t i o n  dominated mode. Hence, i n  t h i s  c a s e ,  W Z / W B  is the 

r e l evan t  parameter  f o r  t h e  propens i ty  of i n t e r a c t i o n  c r i t e r i a .  

Note t h a t  t h e  denominator of the  W 2 / W B  exp res s ion ,  eqn. 

( 2 . 2 . 1 4 1 ,  con ta ins  the  term: % ( 3 / ~ g ) ~ .  Since i n  gas t u r b i n e  

b lad ing  the  Southwell  c o e f f i c i e n t  il is  u s u a l l y  g r e a t e r  than one, 

t he  i n t e r a c t i o n  c r i t e r i a  W 2 / W B  decreases  wi th  i n c r e a s i n g  

r o t o r  speed. The re fo re ]  i f  t h e  s h a f t - d i s k  p i t c h  and blade 

f requencies  a r e  w e l l  s epa ra t ed  a t  zero  r o t a t i o n  speed ,  then t h e  

modes w i l l  tend n o t  t o  i n t e r a c t  a t  h igher  r o t o r  speeds.  T h i s  

e f f e c t  can be seen  schemat i ca l ly  i n  f i g .  2.3. 

The magnitude of t h e  i n t e r a c t i o n  between t h e  blade motion 

and t h e  s h a f t  w h i r l  can be q u a n t i f i e d  by t h e  degree of coup l ing  

between them. The in f luence  of t he  coupl ing  magnitude c r i t e r i a  

ILTB and w p ~  a r e  d i scussed  by Crawley and Mokadam [91.  .The 

degree of coupl ing  i s  a l s o  dependent on t h e  r a t i o  of t h e  b l ade  

modal mass t o  t h e  r o t o r  p i t c h i n g  moment of i n e r t i a  p .  The 
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i n e r t i a l  coup l ing  terms appear  i n  eq. (2 .2 .4)  as  N / z * p u ~ ~  and 

N / 2 * p u p B .  The s t r o n g  dependence of t hese  terms on t h e  cos ine  

and s i n e  of t h e  e f f e c t i v e  s t agge r  ang le  a is seen from t h e  

d e f i n i t i o n s  of ~ T B  and u P B ,  r e spec t ive ly .  I f  the  s t a g g e r  

ang le  a i s  z e r o ,  then the  blade motion-disk t r a n s l a t i o n  i n e r t i a l  

coupl ing  parameter  DTB is maximized and t h e  blade motion-disk 

p i t c h  i n e r t i a l  coupl ing  parameter ppB i s  zero.  I f  a is  equal  t o  

900 , then L.B is = -&ximum =ne L T B  is zers.  

The term i n  t h e  equat ions  of motion ( 2 . 2 . 4 )  t h a t  i n d i c a t e s  

t he  magnitude of t h e  gyroscopic  coupling is: 

The s t i f f n e s s  ma t r ix  i n  eq.  (2 .2 .4)  - :ows c e n t r i f u g a l  coupl ing  

between t h e  d i s k  r i g i d  body mot ion  and blade displacement  i n  t h e  

d e s t i f f e n i n g  form: 

These terms describe t h e  magnitude of s t i f f n e s s  coupl ing  and ,  

l i k e  t h e  i n e r t i a l  and gyroscopic  coupl ing magnitude c r i t e r i a ,  

they  have an i m p l i c i t  dependence on blade s t a g g e r  ang le .  

The e q u a t i o n s  of  motion of r o t a t i n g  f l e x i b l e  s h a f t - r i g i d  

d i s k - f l e x i b l e  b lade  r o t o r  have been presented .  They a r e  expressed 

i n  both d imens iona l  and nondimensional form. The r e l e v a n t  

nondimensional parameters  have been i d e n t i f i e d  and t h e i r  

importance i n  de te rmining  the  degree t o  which t h e  bladed d i s k  

dynamics and t h e  s h a f t  wh i r l i ng  motion are  coupled w a s  explored .  

The subsequent  c h a p t e r s  o f  t h i s  r epor t  w i l l  be concerned w i t h  

i d e n t i f y i n g  t h e  system c o n s t a n t s  i n  t h e  equat ions  of motion f o r  

t h e  MIT A e r o e l a s t i c  Rotor and with t h e  r e s u l t s  of a s e r i e s  of 

experiments  performed on t h e  r o t o r  t o  v e r i f y  t h e  a n a l y t i c a l  

formula t ion .  



3. Experimental  F a c i l i t i e s  

I n  o rde r  t o  exper imenta l ly  document the  bladed d i s k - s h a f t  

dynamic i n t e r a c t i o n  of a t y p i c a l  fan ,  an e x t e n s i v e  s e t  of 

experiments  were conducted, and the r e s u l t s  compared wi th  the  

model p re sen ted  i n  Chapter  2 .  The experiments were c a r r i e d  o u t  on 

t h e  MIT A e r o e i a s t i c  ( A E )  Rotor i n s t a l l e d  i n  t h e  M I T  Blowdown 

Compressor F a c i l i t y  of t he  MIT Gas Turbine Labora tory ,  which i s  

dep ic t ed  i n  f i g .  3 . 1 .  The dynamics of t he  MIT AE bladed d i s k  

assembly have been documented by Crawley 181. The u s e  of t h i s  

f a c i l i t y  f o r  t r a n s i e n t  t e s t i n g  of compressor s t a g e s  f o r  

performance and a e r o e l a s t i c  response has  been w e l l  documented 

[ 6 , 1 0 ] .  Mokadam [51 a l s o  d iscussed  t h e  use  of t h i s  f a c i l i t y  f o r  

high speed r o t o r  w h i r l  t e s t i n g  i n  vacuum a s  a complementary 

f a c i l i t y  t o  t h e  low speed Whirl  Spin Rig. 

3 .1 )  Ro ta t ing  Assembly 

An e x t e n s i v e l y  instrumented r o t o r ,  t he  MIT AE r o t o r ,  was 

mounted i n  t h e  t e s t  s e c t i o n  of the F a c i l i t y  a s  seen  i n  f i g .  3.2a. 

The r o t o r  is aerodynamical ly  t y p i c a l  of  modern high bypass r a t i o  

f a n s  with:  a b lade  hub t o  t i p  r a t i o  of  0 . 5 ,  a blade a s p e c t  r a t i o  

of 2 ,  a des ign  p r e s s u r e  r a t i o  of 1.6,  and a x i a l  and t i p  Mach 

numbers of 0.5 and 1 . 2  r e spec t ive ly .  ?he s t ,Tc ture  3r.d dyndmics 

of t he  r o t o r  has  been f u l l y  descr ibed  by Crawley [81  and Mokadam 

[51. The r o t o r  is c a n t i l e v e r e d  i n  t h e  t e s t  s e c t i o n  a t  t he  f r o n t  

of a s h a f t  suppor ted  by two forward a n g u l a r  c o n t a c t  t h r u s t  

bea r ings  and a s i n g l e  rear  s p r i n g  loaded angu la r  c o n t a c t  bear ing .  

F l e x i b l e  coupl ings  forward and a f t  of t he  r o t o r - s h a f t  system 

dynamical ly  i s o l a t e  t h e  system from t h e  forward s l i p  r i n g s  and 

r e a r  d r i v e  motor. The r o t o r  was i n s t a l l e d  i n  t he  Blowdown 

F a c i l i t y  t o g e t h e r  w i th  the  forward s l i p  r i n g  assembly i n  o r d e r  t o  

be a b l e  t o  monitor t h e  23  b lade  p i e z o e l e c t r i c  b lade  r o o t  

displacement  t r ansduce r  s i g n a l s .  A smaller rear s e t  of  s l i p  r i n g s  
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c a r r i e d  d i s k  accelerometer and b lade  s t r a i n  gage s i g n a l s .  

A degree of  n o n l i n e a r i t y  i n  t h e  dynamic s t i f f n e s s  behavior  

o f  t h e  s h a f t  s u p p o r t  had been observed i n  t h e  l o w  speed tests 

which used a n g u l a r  c o n t a c t  bear ings .  I n  o r d e r  t o  reduce t h e  

degree of n o n l i n e a r i t y ,  i n i t i a l  p lanning  c a l l e d  f o r  t h e  use  of  

a l t e r n a t i v e  bear ing  t y p e s  such a s  Conrad r o l l e r  bear ings .  

However, i n  o r d e r  t o  compensate f o r  t h e  thermal  growth of  t h e  

s h a f t  d u r i n g  t e s t i n g ,  t h e  cont inued use  of  t h e  s p r i n g  preloaded 

angular  c o n t a c t  bear ings  was i n d i c a t e d .  I t  should  be noted t h a t  

even wi th  ABEC-7 super  p r e c i s i o n  b e a r i n g s ,  t h e  o p e r a t i n g  DN of 

t h e  bear ings  exceeded t h e i r  maximum r a t i n g  f o r  t h e  l u b r i c a t i o n  

a v a i l a b l e .  The bear ings  t h e r e f o r e  had a s h o r t  l i f e  expectancy 

under t h e  h igh  speed t e s t  condi t ions .  T h i s  r e q u i r e d  t h a t  t h e  t i m e  

spent  t e s t i n g  a t  speed be k e p t  a s  s h o r t  a s  p o s s i b l e .  

I n  o r d e r  t o  maintain t h e  c y c l i c  b e a r i n g  l o a d s  due t o  mass 

imbalance a t  a minimum, t h e  r o t o r  assembly w a s  balanced p r i o r  t o  

i n s t a l l a t i o n .  The assembly w a s  balanced accord ing  t o  IS0 Grade 

G2.5 Gas Turbine Balancing S p e c i f i c a t i o n s ,  w i t h  a r e s i d u a l  

imbalance of  less  than 1 g ram-inch  i n  each of two balancing 

planes.  Any l o a d s  due t o  t h i s  smal l  r e s i d u a l  imbalance would 

appear  a s  s t e a d y  l o a d s  i n  t h e  r o t o r  frame of r e f e r e n c e  and a s  a 

once per r e v o l u t i o n  p e r i o d i c  load  i n  t h e  n o n r o t a t i n g  frame of 

re ference .  

With t h e  balanced r o t o r  i n s t a l l e d  i n  t h e  t e s t  s e c t i o n ,  t h e  

forward s l i p  r i n g  assembly was then mounted. Considerable  e f f o r t  

w a s  expended t o  a s s u r e  t h a t  t h e  a x e s  of r o t a t i o n  of t h e  r o t o r  and 

t h e  s l i p  r i n g  assembly were a l i g n e d .  
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3.2) Ins t rumenta t ion  

The in s t rumen ta t ion  a s soc ia t ed  wi th  w h i r l  t e s t i n g  of t h e  

MIT AE r o t o r  i n  t h e  Blowdown F a c i l i t y  inc luded  in s t rumen ta t ion  on 

t h e  r o t o r  and on t h e  nonro ta t ing  support  s t r u c t u r e .  On t h e  

r o t o r ,  p i e z o e l e c t r i c  displacement  t r ansduce r s  and semiconductor 

s t r a i n  gages were used t o  monitor blade motion and minia ture  

acce lerometers  measured a c c e l e r a t i o n s  of t h e  d i s k  i n  t h e  p lane  of 

r o t a t i o n .  Ins t rumenta t ion  a s soc ia t ed  wi th  t h e  n o n r o t a t i n g  frame 

of r e f e r e n c e  inc luded  acce lerometers  t o  monitor motion of t he  

bea r ing  suppor t  housing,  and force t r ansduce r s  t o  measure the  

e x c i t a t i o n  f o r c e s  app l i ed  t o  t h e  bear ing  housing. 

The blade p i e z o e l e c t r i c  displacement t r ansduce r  

c o n f i g u r a t i o n  is shown i n  f i g .  3.3. With t h e  forward s l i p  r i n g  

assembly i n s t a l l e d ,  a l l  23 blade r o o t  p i e z o e l e c t r i c  displacement  

displacement  t r ansduce r s  could  be monitored. The r e a r  se t  of 

s l i p  r i n g s  c a r r i e d  s i g n a l s  from the t h r e e  B o l t ,  Beranek and 

Newman ( B B N )  Model 501 minia ture  acce lerometers .  The t h r e e  

acce le romete r s  were c i r cumfe ren t i a l ly  mounted a t  120' increments  

and were s e n s i t i v e  t o  motion of  t h e  d i s k  i n  t h e  p lane  of 

r o t a t i o n .  The r e a r  s l i p  r i n g s  a l s o  c a r r i e d  s i g n a l s  from two 

semiconductor blade s t r a i n  gauges. 

The d i s k  acce lerometers  operated i n t e r m i t t e n t l y  dur ing  

r o t a t i n g  tests and produced noisy s i g n a i s .  Therefore  the  b lade  

p i e z o e l e c t r i c  displacement  t ransducers  were used as the  primary 

i n d i c a t o r  of r o t o r  response.  I n  add i t ion  t o  t h e i r  h ighe r  s i g n a l  

t o  n o i s e  r a t io ,  the  blade displacement t r ansduce r s  were s e n s i t i v e  

t o  both in-plane t r a n s l a t i o n  as wel l  as  out-of-plane p i t c h i n g  

motion of t h e  d i s k .  The d i s k  acce lerometers  were only s e n s i t i v e  

t o  d i s k  in-p lane  t r a n s l a t i o n  motion, a s e r i o u s  l i m i t a t i o n  f o r  

d e t e c t i n g  d i s k  p i t c h  modes. The disadvantage of us ing  the  blade 

t r a n s d u c e r s  was t h a t  f o r  t h e  lower system modes, t hose  w e l l  below 

t h e  b lade  f i r s t  bending frequency, a small amount of b lade  motion 

would occur  f o r  a r e l a t i v e l y  l a rge  amount of d i s k  motion. Thus 
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t h e  d e t e c t i b i l i t y  of d i s k  motion by monitor ing only t h e  blade 

response was somewhat impaired. 

A proximity sensor  mounted i n  t h e  c e n t e r  body was used a s  

a tachometer. By sens ing  t h e  passage of each t h e  115 t e e t h  of  a 

g e a r  wheel mounted on t h e  s h a f t ,  t h e  tachometer produced a 115 

p e r  r e v o l u t i o n  s i g n a l .  The tachometer s i g n a l  was monitored w i t h  a 

frequency counter  l o c a t e d  a t  t h e  r o t o r  motor d r i v e  c o n t r o l  p a n e l .  

During t e s t s ,  which sometimes las ted  up t o  200 seconds,  

d a t a  were recorded us ing  three  d i f f e r e n t  methods. The primary 

d a t a  logging device was a Hewlett-Packard ( H P )  3960 FM 

Ins t rumenta t ion  t a p e  recorder .  T h i s  4 channel  ins t rument  recorded  

2 channels of f o r c i n g  i n p u t  (described i n  s e c t i o n  3 .3 )  and 2 

channels of  blade displacement response.  W i t h  these s imultaneous 

measurements of i n p u t  and response,  system t r a n s f e r  f u n c t i o n s  

could be determined. The second method of record ing  t h e  d a t a  was 

an Ampex 14 channel FM t a p e  recorder .  This  r e c o r d e r  was used a s  a 

redundant method of logging t h e  f o r c i n g  i n p u t  and blade response  

d a t a ,  a s  w e l l  a s  t h e  tachometer s i g n a l .  

A f t e r  t h e  t e s t ,  t h e  t ape  recorded  analog d a t a  were p layed  

back i n t o  an HP 3582 d u a l  channel spectrum a n a l y z e r  f o r  f requency 

domain i n s p e c t i o n  of t h e  d a t a .  Graphica l  r e c o r d s  were o b t a i n e d  by 

t r a n s f e r r i n g  t h e  s p e c t r a l  d a t a  from t h e  spectrum a n a l y z e r  over  a n  

IEEE-488 bus i n t o  a n  I B M  Personal  Computer. 

The  t h i r d  method of d a t a  logging was a d i r e c t  d i g i t i z a t i o n  

of up t o  3 2  channels  of d a t a  dur ing  t h e  t e s t .  Because of memory 

l i m i t a t i o n s  i n  t h e  A/D system, only 200 m s  of  d a t a  could be 

d i g i t i z e d ,  u s i n g  a t  a r a t e  of 5 kHz per channel.  This  d i g i t i z e d  

d a t a  provided an i n s t a n t a n e o u s  snapshot  of t h e  r o t o r  system s t a t e  

a t  a p a r t i c u l a r  speed and f o r c i n g  frequency.  T h i s  A/D system, 

manufactured by LeCroy Inc.  and based on t h e  CAMAC convent ion,  

w a s  c o n t r o l l e d  by t h e  MIT GTL PDP 11/70 computer. P o s t  t e s t  

s i g n a l  process ing  of t h e  d i g i t i z e d  data was a l s o  performed on t h e  

11/70 computer. 
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3 .3 )  Whirl E x c i t a t i o n  System 

Some mod i f i ca t ions  t o  t h e  t e s t  s e c t i o n  were r equ i r ed  i n  

o r d e r  t o  mount t h e  r o t o r  and wh i r l  e x c i t a t i o n  a c t u a t o r s  i n  t h e  

Blowdown Compressor F a c i l i t y .  The t e s t  s e c t i o n  was machined i n  

o r d e r  t o  mount t h e  two Ling 100 l b  e l ec t romagne t i c  shakers  on t h e  

c a s i n g ,  c i r c u m f e r e n t i a l l y  90 apa r t  as seen i n  f i g .  3.4a. The 
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of t he  t e s t  s e c t i o n  v i a  push rods connected t o  t h e  shakers  a s  

seen  i n  f i g .  3.4b. The w h i r l  e x c i t a t i o n  system employed i n  t h e  

blowdown f a c i l i t y  w a s  a modif icat ion of t h a t  used i n  the  low 

speed w h i r l  experiment [ 5 1 .  

Some t r i a l  and e r r o r  w a s  necessary i n  o r d e r  t o  develop an 

a p p r o p r i a t e  exper imenta l  p ro toco l  f o r  t h e  w h i r l  t e s t i n g .  Because 

of t h e  p o t e n t i a l l y  non l inea r  response of t h e  bea r ings ,  and t h e  

frequency s h i f t i n g  phenomena observed i n  t h e  low speed r i g  d a t a ,  

any p o s s i b i l i t y  of u s ing  impulsive o r  broadband e x c i t a t i o n  was 

d i sca rded .  S ine  dwel l  type  t e s t i n g  would be d i f f i c u l t  because of 

t he  expected l i m i t e d  l i f e t i m e  of t he  bear ings .  Therefore  a slow 

s i n e  sweep was chosen a s  t h e  b e s t  system i d e n t i f i c a t i o n  p r o t o c o l .  

Yet t h e r e  s t i l l  remained s e v e r a l  d e t a i l e d  ques t ions .  

Should a pure forward w h i r l ,  and then a pure backward w h i r l  

e x c i t a t i o n  be used ,  o r  some combination l i k e  a s t and ing  wave? 

Should t h e  r o t o r  speed be h e l d  cons tan t  and t h e  e x c i t a t i o n  

frequency swept ,  o r  should t h e  e x c i t a t i o n  frequency be h e l d  

c o n s t a n t  and t h e  r o t o r  speed swept? 

Due t o  t h e  r a t h e r  cumbersome manual c o n t r o l  of  t h e  r o t o r  

speed ,  it was dec ided  t h a t  it would be he ld  c o n s t a n t ,  and t h e  

e x c i t a t i o n  would be swept i n  a con t ro l l ed  way. TO s impl i fy  t h e  

d a t a  i n t e r p r e t a t i o n ,  a pure  forward o r  backward w h i r l  e x c i t a t i o n  

would be used.  The inc reased  opera tor  workload of t he  high speed 

t e s t i n g  r e q u i r e d  t h a t  t h e  forc ing  sweep be automated. A Wavetek 

Model 184 sweep func t ion  genera tor  supp l i ed  a l i n e a r l y  sweeping 
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s i g n a l  between two p r e s e t  frequency l i m i t s  ove r  a f i x e d  du ra t ion .  

This  frequency Sweeping s i g n a l  s e rved  two func t ions .  I t  supp l i ed  

the  command s i g n a l  t o  shaker  # 1  as  shown i n  f i g .  3.4a. I t  a l s o  

suppl ied t h e  phase and frequency r e f e r e n c e  s i g n a l  t o  a Wavetek 

Model 186 phase lock  sweep func t ion  gene ra to r .  The phase lock  

genera tor  would t r a c k  the  frequency of the  i n p u t  r e fe rence  s i g n a l  

and would ou tpu t  a s i g n a l  w i th  t h e  r equ i r ed  predetermined phase 

s h i f t .  The ou tpu t  of t he  phase lock  gene ra to r  se rved  a s  the  

command s i g n a l  f o r  shaker  #2.  The phase d i f f e r e n c e  between t h e  

two s i g n a l s  was monitored wi th  a Wavetek Model 750 phase meter. 

I t  was the  p r e s e t  phase ang le  t h a t  determined whether t h e  

e x c i t a t i o n  would e x c i t e  e i t h e r  forward o r  backward w h i r l .  

The o u t p u t s  of t h e  two func t ion  g e n e r a t o r s  were i n p u t  t o  

two dedicated A l t e c  Model 9440A 800 Watt a m p l i f i e r s .  The ou tpu t  

of the a m p l i f i e r s  were passed through impedance matching 

t ransformers  t o  the  Ling Model 420 100 l b .  shake r s  as  seen  i n  

f i g .  3 . 4 a .  

The shake r s  pushed on t h e  bea r ing  housing of t he  r o t o r  

through push rods  instrumented w i t h  PCB P i e z o t r o n i c s  Model 208 

fo rce  t r ansduce r s .  The f o r c e  t r ansduce r s  provided a d i rec t  

measurement of  t h e  e x c i t a t i o n  f o r c e  a p p l i e d  t o  the  bear ing  

housing. Due t o  a i r  convect ion coo l ing  and space c o n s i d e r a t i o n s ,  

the  shakers  were mounted on t h e  o u t s i d e  of t he  t e s t  s e c t i o n  

cas ing .  I n  o r d e r  t o  apply  the  e x c i t a t i o n  f o r c e s  t o  the  bea r ing  

housing i n  t h e  vacuum of the  t e s t  s e c t i o n ,  dynamic O-ring seals 

i s o l a t e d  t h e  segment of t h e  pushrod i n s i d e  t h e  vacuum from t h a t  

a t t ached  to t h e  shaker  as  seen  i n  f i g .  3.4b. 

D iame t r i ca l ly  opposed t o  t h e  push rod c o n t a c t  p o i n t s  on 

t h e  bear ing housing were two Endevco Model 7701 high s e n s i t i v i t y  

p i e z o e l e c t r i c  acce lerometers .  These al lowed f o r  a d i rec t  

measurement of t h e  response of t h e  bea r ing  housing centerbody t o  

t h e  appl ied  e x c i t a t i o n  and o t h e r  r o t o r  dynamic loads .  

Following t h e  l a b e l l i n g  convent ion shown i n  f i g .  3.4b, t h e  
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f o r c i n g  a p p l i e d  t o  t h e  nonro ta t ing  b e a r i n g  housing is  of t h e  

f o r a :  

F = F s i n w  t 
N1 FN 

F = F s i n ( w  t + e )  
N2 FN 

( 3 . 3 . 1 )  

I f  t h e  phase of t h e  f o r c e  a p p l i e d  by shaker  # 2  l e a d s  t h e  f o r c e  

applied by shaker $ 1  bj 90 Zegrcas ( 9  900 1 ,  the:: 2 c-=c-&,i=e 

r o t a t i n g  r e s u l t a n t  fo rce  vec to r  is  produced. Since t h e  r o t o r  

t u r n s  i n  the  counter-clockwise d i r e c t i o n ,  t h e  r e s u l t a n t  f o r c e  

v e c t o r  r o t a t e s  i n  the  oppos i t e  d i r e c t i o n  o r  backwards w i t h  

r e s p e c t  t o  t h e  r o t o r .  For a shaker  f o r c i n g  frequency urn, t he  

r o t o r  senses  t h i s  e x c i t a t i o n  a t  a s h i f t e d  frequency UFR. The 

magnitude of t he  frequency s h i f t  is t h e  r e l a t i v e  a n g u l a r  speed 

between t h e  nonro ta t ing  s t r u c t u r e  and t h e  r o t o r ,  R. Since  the  

r o t o r  and t h e  r o t a t i n g  f o r c e  vector  genera ted  by t h e  s h a k e r s  

r o t a t e  i n  oppos i t e  d i r e c t i o n s ,  the f requency s h i f t  i n  e x c i t a t i o n  

sensed  by t h e  r o t o r  i s  a d d i t i v e .  The r o t o r  is  then e x c i t e d  wi th  a 

backward w h i r l  f o r c e  a t  t h e  frequency: 

- WFR - om + n ( 3 . 3 . 2 )  

This  corresponds t o  curve 1 i n  f i g  3 . 5  which i l l u s t r a t e s  t h e  

f o r c i n g  frequency s h i f t  as a func t ion  of r o t o r  speed. 

I f  t h e  f o r c e  a p p l i e d  by shaker #2 l a g s  t h e  f o r c e  a p p l i e d  

by shake r  # 2  by 90 degrees  ( 4  = -90° 1 ,  then a counterclockwise 

r o t a t i n g  r e s u l t a n t  fo rce  v e c t o r  i s  produced. I n  t h e  case where 

t h e  f o r c e  vec to r  is r o t a t i n g  f a s t e r  t han  t h e  r o t o r  (um>n), t he  

f o r c e  vec to r  is seen i n  the  r o t o r  r e fe rence  frame t o  r o t a t e  i n  

t h e  d i r e c t i o n  of r o t o r  r o t a t i o n .  This e x c i t e s  forward w h i r l  and 

is sensed  by the  r o t o r  a t  t h e  frequency: 
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( 3 . 3 . 3 )  

This  f o r c i n g  c o n d i t i o n  corresponds t o  curve 2 i n  f i g .  3 . 5 .  

The o t h e r  p o s s i b l e  f o r c i n g  c o n d i t i o n  w i t h  4 = -90° o c c u r s  

when the r o t o r  is t u r n i n g  f a s t e r  than t h e  r o t a t i n g  f o r c e  v e c t o r  

( n > w ~ ~ ) .  The f o r c e  v e c t o r  then seen i n  t h e  rotor r e f e r e n c e  

frame t o  rotate  o p p o s i t e  t o  t h e  d i r e c t i o n  of t h e  r o t o r  r o t a t i o n .  

T h i s  e x c i t e s  backward w h i r l  and is  sensed by the  r o t o r  a t  t h e  

frequency : 

FN w = n - w  FR 
( 3 . 3 . 4 )  

T h i s  f o r c i n g  c o n d i t i o n  corresponds t o  curve 3 i n  f i g .  3 . 5 .  Thus, 

by c o n t r o l l i n g  t h e  s h a k e r  e x c i t a t i o n  frequency wm and phase 

a n g l e  4 of the  s i g n a l  g e n e r a t o r s ,  a forward o r  backward w h i r l  

e x c i t a t i o n  of  known frequency w m  can be c r e a t e d  i n  t h e  r o t o r  

frame of r e f e r e n c e .  

I n  t h i s  c h a p t e r  t h e  exper imenta l  r i g  used t o  perform t h e  

s t r u c t u r a l  dynamic w h i r l  t e s t i n g  on t h e  M I T  AE Rotor i n  t h e  

Blowdown Compressor F a c i l i t y  and t h e  w h i r l  e x c i t a t i o n  system h a s  

been descr ibed.  I n  t h e  fo l lowing  c h a p t e r s  t h e  i d e n t i f i c a t i o n  of  

t h e  s y s t e m  i n e r t i a l  and s t i f f n e s s  parameters  and t h e  r e s u l t s  of  a 

se r ies  of r o t a t i n g  w h i r l  t e s t s  w i l l  be descr ibed .  



4 .  Determinat ion o f  Rotor Structural  P r o p e r t i e s  

The p r e d i c t i o n  of t h e  dynamic behavior of a r o t a t i n g  

bladed d i s k  on a f l e x i b l e  s h a f t  system depends on an a c c u r a t e  

knowledge of the  s t r u c t u r a l  p r o p e r t i e s  of t h e  system. T h i s  

c h a p t e r  d e s c r i b e s  t h e  procedures  employed i n  e s t i m a t i n g  and 

measuring t h e  i n e r t i a l  and s t i f f n e s s  p r o p e r t i e s  f o r  t h e  MIT AE 

r o t o r .  

The system i n e r t i a l  parameters o t h e r  than b lade  mass terms 

were determined by d i r e c t  measurement of p h y s i c a l  dimensions of 

components. Blade modal mass and mass coupl ing parameters  were 

determined by c a l c u l a t i o n s  from holographic  mode shape 

measurements. These  mass c a l c u l a t i o n s  are described i n  s e c t i o n  

4 . 1 .  

The s t i f f n e s s  p r o p e r t i e s  of t h e  system were much more 

d i f f i c u l t  t o  determine.  Direct s t a t i c  s t i f f n e s s  measurements of 

t h e  s h a f t - b e a r i n g  system y i e l d e d  i n c o n s i s t e n t  r e s u l t s ,  a s  

described i n  s e c t i o n  4 . 2 .  The approach f i n a l l y  used i n  

determining these s t i f f n e s s e s  was t o  perform modal surveys  of t h e  

n o n r o t a t i n g  d i s k - s h a f t  system and f i t  t h e  dynamic data t o  a 

s imple r i g i d  d i s k - f l e x i b l e  s h a f t  model. T h i s  approach i s  

d e s c r i b e d  i n  s e c t i o n  4 . 3 .  

4 . 1 )  System Elass P r o p e r t i e s  

The mass p r o p e r t i e s  of the s h a f t - d i s k  system were r e a d i l y  

determined by a knowledge of component geometr ies  and t h e  

material d e n s i t i e s .  The dimensions of each r o t o r  p a r t  was found 

by direct  measurement o r ,  i n  some i n s t a n c e s ,  by i n s p e c t i o n  of t h e  

dimensions on mechanical drawings. 

The mass p r o p e r t i e s  of the b l a d e s  were determined by t h e  

holographic  measurement of t h e  blade c a n t i l e v e r  bending mode 

shape a t  t h e  midpoint of each g r i d  c e l l  on a 10x20 blade g r i d .  

This  d a t a ,  t o g e t h e r  w i t h  t h e  measurement of t h e  c e l l  volumes were 
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appl ied t o  t h e  i n t e g r a l  d e f i n i t i o n s  of mo , m i ,  mz, and ma 
given i n  s e c t i o n  2 . 1 .  The r e s u l t i n g  i n e r t i a l  p r o p e r t i e s  of  t h e  

MIT AE r o t o r  a r e  l i s t e d  i n  Appendix A. 

4 . 2 )  S t a t i c  S t i f f n e s s  T e s t s  

Determining t h e  necessary  s t i f f n e s s  terms c o n s i s t e d  of 

determining t h e  blade modal s t i f f n e s s  KB and t h e  e f f e c t i v e  

shaf t / suppor t  t r a n s l a t i o n ,  p i t c h ,  and coupl ing s t i f f n e s s e s  K x ,  

K,,, Kxn. The blade modal bending s t i f f n e s s  KB was 
determined from a knowledge of  t h e  i s o l a t e d  blade n a t u r a l  

frequency of 374 H z ,  t he  b lade  modal mass m o  , and t h e  r e l a t i o n :  

2 ( 2 . 2 . 2 )  
KB = wB mo . 

Mokadam [5] d e s c r i b e s  a t t e m p t s  t o  measure e f f e c t i v e  

bearing and s h a f t  f l e x i b i l i t i e s  of  the low speed w h i r l  s p i n  r i g  

by the a p p l i c a t i o n  of s t a t i c  in-p lane  f o r c e s  and out-of p l a n e  

moments. These  measurements e n t a i l e d  t h e  use  of d i a l  gauges t o  

measure t h e  r e s u l t i n g  small d e f l e c t i o n s .  Subsequent t e s t s  

involved t h e  use  of more s e n s i t i v e  i n d u c t i v e  proximity s e n s o r s .  

Both s e r i e s  of  tes ts  d i s p l a y e d  l a r g e  s c a t t e r ,  low r e p e a t i b i l i t y  

and pronounced n o n l i n e a r i t y  i n  t h e  t r a n s l a t i o n  and p i t c h  

s t i f f n e s s e s .  These e f fec ts  can be a t t r i b u t e d  t o  t h e  d i f f i c u l t y  

of measuring t h e  small r e s u l t a n t  d i sp lacements  and t o  t h e  complex 

kinematics of a n g u l a r  c o n t a c t  b a l l  b e a r i n g s  under t h e  v a r i o u s  

loading s t a t e s .  When f i t t e d  t o  a s t r a i g h t  l i n e  i n  o r d e r  t o  

approximate a l i n e a r  s t i f f n e s s ,  the  data y i e l d e d  compliance 

c o e f f i c i e n t s  one or two o r d e r s  of magnitude d i f f e r e n t  from those 

required t o  reproduce t h e  dynamic behavior  of t h e  system g i v e n  

the known mass p r o p e r t i e s .  F u r t h e r  u n c e r t a i n t y  would r e s u l t  i n  

e x t r a p o l a t i n g  t h e  measurements taken on t h e  low speed s p i n  r i g  t o  

t h e  Blowdown Compressor F a c i l i t y  . 
A d i f f e r e n t  approach t o  de te rmining  the  s t i f f n e s s e s  of t h e  

shaf t -bear ing system w a s  t h e r e f o r e  r e q u i r e d .  Dynamic n o n r o t a t i n g  
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modal su rveys  were seen  a s  t h e  most a c c u r a t e  p o s s i b l e  method of 

measuring the  e f f e c t i v e  s t i f f n e s s  c o e f f i c i e n t s  of t h e  MIT 

Aeroe la s t i c  ( A E )  r o t o r  as mounted i n  t he  Blowdown Compressor 

F a c i l i t y .  

4 . 3 )  Nonrotat ing Dynamic S t i f f n e s s  Determinat ion 

The  technique  employed i n  determining the  dynamic 

s t i f f n e s s  p r o p e r t i e s  w a s  t o  calculate t h e  e f f e c t i v e  s t i f f n e s s e s  

f o r  t h e  system i n  t h e  Blowdown F a c i l i t y  given t h e  known mass 

p r o p e r t i e s  and t h e  measured s h a f t - d i s k  n a t u r a l  f r e q u e n c i e s  and 

mode shapes.  I n  t h e  a n a l y s i s  necessary t o  back c a l c u l a t e  t h e s e  

s t i f f n e s s e s ,  t h e  b l ades  were assumed t o  be r i g i d  bod ies  f i x e d  t o  

the d i s k  hub. A s  a r e s u l t ,  the  da ta  were f i t  t o  a model of a 

simple r i g i d  d i s k  on t h e  end of  a symmetric c a n t i l e v e r  s h a f t  as 

shown i n  f i g .  4 . l a .  L e t  t h e  two system degrees  of freedom be 

def ined  a s  t h e  in -p lane  t r a n s l a t i o n  of t h e  d i s k  ( q x )  and t h e  

out-of-plane p i t c h i n g  of t h e  d i s k  abou t  its diameter  (q,,), as 

shown i n  f i g .  4.1 ( a ) .  With r i g i d  blades,  t h e  homogeneous system 

equat ions  of motion would then  be: 

The t e s t i n g  f o r  t h e  two modes of t h e  s i m p l i f i e d  system 

descr ibed  by eq. (4 .3 .1)  w a s  accomplished by p l a c i n g  Endevco 

model 2222c minia ture  p i e z o e l e c t r i c  acce lerometers  on v a r i o u s  

p o i n t s  of t h e  r o t o r  w h i l e  sweeping t h e  e x c i t a t i o n  frequency o f  

the  e lec t romagnet ic  shakers .  The system resonances were noted a s  

t h e  f r equenc ie s  a t  which t h e  response peaked and t h e  phase 

s h i f t e d  a b r u p t l y  through 90° during the  f o r c i n g  sweep. 

. 

I n  the  modal t e s t i n g ,  two s h a f t - d i s k  modes were found,  and 

a r e  ske tched  i n  f i g u r e s  4 . l b  and 4 . 1 ~ .  A c e r t a i n  degree  of system 
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asymmetry was p r e s e n t ,  t h a t  is, t h e  f requencies  measured when t h e  

d i s k  was e x c i t e d  i n  t h e  x d i r e c t i o n  were n o t  e x a c t l y  i d e n t i c a l  

with those measured i n  t h e  y d i r e c t i o n .  These asymmetr ical  

s t r u c t u r a l  p r o p e r t i e s  r e s u l t e d  i n  pairs of  modes a t  s imi la r  b u t  

n o t  i d e n t i c a l  f r e q u e n c i e s  bu t  wi th  approximately t h e  same 

eigenvector .  For  t h e  purposes  of  the f i t  of t h e  n o n r o t a t i n g  

dynamic model of eq. ( 4 . 3 . 1 )  t o  t h e  system s t i f f n e s s e s ,  t h e  

system w a s  assumed t o  be symmetric, and averages  of t h e  paired 

frequencies  were used. 

The low frequency mode w a s  seen  a t  222 ? 5 Hz ( t h e  range 

represent ing  t h e  degree of asymmetry) and w a s  c h a r a c t e r i z e d  by a 

predominant d i s k  r i g i d  body t r a n s l a t i o n  motion i n  phase w i t h  d i s k  

pitching. T h e  h igher  mode w a s  found a t  325 +- 5 Hz and c o n s i s t e d  

o f  a l a r g e r  degree of d i s k  r i g i d  body p i t c h i n g  motion o u t  of 

phase w i t h  d i s k  t r a n s l a t i o n .  T h e  exper imenta l ly  measured modal 

vectors  were determined t o  be: 

I 0.123 m 
1.00 rad 

I -0.054 m 
1.00 r a d  

A good t e s t  of t h e  cons is tency  of t h e  exper imenta l ly  observed 

mode shapes is to  c a l c u l a t e  t h e i r  degree  of OrthOgOnality w i t h  

respec t  t o  t h e  "known" mass matr ix .  The exper imenta l  mode shapes  

were not s t r i c t l y  or thogonal  w i t h  respect t o  t h e  mass m a t r i x  of 2 

DOF model. However, the normalized degree of nonor thogonal i ty  

defined below, w a s  on the  o r d e r  of 3% 

(4 .3 .2 )  

where Y l  and y2 are t h e  measured nodal  v e c t o r s ,  and M is t h e  



mass mat r ix  given i n  eq. ( 4 . 3 . 1 ) .  

With t h e  two system modal f requencies  and one independent  

modal v e c t o r  ( t h e  o t h e r  modal vector being redundant due t o  the  

need t o  s a t i s f y  the o r t h o g o n a l i t y  c o n d i t i o n )  t h e  three unknown 

s t i f f n e s s  terms i n  eq. ( 4 . 3 . 1 )  can be determined. The s t i f f n e s s  

va lues  t h a t  were determined by t h e  f i t  of t h e  n o n r o t a t i n g  data  t o  

t h e  s i m p l i f i e d  2 DOF model are: 

r 8 . 1 0  N/m -5.29 N 1 6 !n r v i  - 
SYM. 1.05 Nm J L"1 - 

These s t i f f n e s s  v a l u e s  were subsequent ly  used i n  t h e  e q u a t i o n s  of 

motion t o  predict  t h e  behavior  of t h e  MIT A e r o e l a s t i c  r o t o r  

system a s  a f u n c t i o n  of r o t o r  speed. 

I n  order t o  more thoroughly i n v e s t i g a t e  t h e  presence  o f  

asymmetries i n  t h e  r o t o r  and i t s  mounting s t r u c t u r e ,  n o n r o t a t i n g  

forced  response  sweeps were performed w i t h  the  r o t o r  s h a f t  a t  

v a r i o u s  a n g u l a r  p o s i t i o n s ,  and with t h e  f o r c i n g  v e c t o r  directed 

a t  v a r i o u s  angles .  A u s e f u l  f e a t u r e  of having two s h a k e r s  which 

a r e  mounted 90° a p a r t  on t h e  circumference of t h e  t e s t  s e c t i o n  is 

that  t h e  v e c t o r  sum of  t h e  shaker  f o r c e s  could be directed 

through t h e  r o t o r  c e n t e r  l i n e  a t  an a r b i t r a r y  ang le .  T h i s  w a s  

accomplished by the  p r o p e r  s e l e c t i o n  of f o r c e  ampli tude and phase  

a n g l e  f o r  each shaker.  Note t h a t  t h i s  procedure was d i f f e r e n t  

than  t h e  w h i r l  e x c i t a t i o n  scheme described i n  s e c t i o n  3.3. i n  

t h a t  case t h e  s h a k e r s  were dr iv ing  a t  equal  f o r c i n g  ampl i tudes  

and a +90° r e l a t i v e  phase ang le .  

The asymmetries could have been p r e s e n t  i n  e i t h e r  t he  

r o t a t i n g  assembly o r  i n  t he  nonro ta t ing  s t r u c t u r e ,  o r  some 

combination of both.  I n  o r d e r  t o  determine i f  asymmetries were 

p r e s e n t  i n  t h e  n o n r o t a t i n g  s t r u c t u r e ,  f b r c i n g  sweeps were 

performed w i t h  t h e  r e s u l t a n t  force v e c t o r  a c t i n g  a t  v a r i o u s  

a n g l e s  w i t h  respect t o  t o p  dead c e n t e r  of t h e  t e s t  s e c t i o n .  

However t h e  s h a f t  was always r o t a t e d  by t h e  same amount a s  t h e  
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change i n  t h e  f o r c i n g  d i r e c t i o n  a n g l e  i n  o r d e r  t o  maintain a 

constant  re la t ive  a n g l e  between t h e  s h a f t  p o s i t i o n  and t h e  

forcing l i n e  of act ion.  S i n c e  t h e  f o r c i n g  l i n e  of a c t i o n  w a s  

always c o n s t a n t  r e l a t i v e  t o  t h e  r o t o r ,  any asymmtries i n  t h e  

nonrotat ing s u p p o r t  s t r u c t u r e  would be apparent .  Except when t h e  

d i r e c t i o n  of t h e  applied f o r c e  v e c t o r  co inc ided  w i t h  a 

nonrotat ing system p r i n c i p a l  d i r e c t i o n ,  t h e  response t r a n s f e r  

funct ion e x h i b i t e d  behavior  t y p i c a l  of mistuned o s c i l l a t o r s .  The 

response shows showed t w o  neighbouring peaks i n  t h e  v i c i n i t y  of 

t h e  s l i g h t l y  d i f f e r e n t  system f r e q u e n c i e s .  T h i s  i n d i c a t e s  t h a t  

t h e r e  e x i s t e d  t w o  p r i n c i p a l  d i r e c t i o n s  f o r  t h e  s t i f f n e s s  of  t h e  

nonro ta t ing  s t r u c t u r e .  The n a t u r a l  f r e q u e n c i e s  a s s o c i a t e d  w i t h  

each p r i n c i p a l  s t i f f n e s s  d i r e c t i o n  was s l i g h t l y  d i f f e r e n t .  

The procedure f o r  t e s t i n g  f o r  asymmetries i n  t h e  r o t a t i n g  

system w a s  more s t r a i g h t  forward. The f o r c e  a p p l i c a t i o n  d i r e c t i o n  

was maintained c o n s t a n t  w i t h  r e s p e c t  t o  t h e  n o n r o t a t i n g  

s t r u c t u r e ,  while  f o r c i n g  frequency sweeps were performed a t  

var ious  r o t o r  a n g u l a r  p o s i t i o n s .  Only a s l i g h t  degree of 

asymmetry was d e t e c t e d  i n  t h e  r o t a t i n g  s t r u c t u r e .  This  is  t o  be 

expected s i n c e  t h e  r o t a t i n g  s t r u c t u r e  is an axisymmetric 

prec is ion  assembly whi le  t h e  r o t o r  s u p p o r t  s t r u c t u r e  c o n s i s t s  of 

welded s t r u t s ,  c a s i n g s ,  and s u p p o r t s  t h a t  were n o t  n e c e s s a r i l y  

designed f o r  e l a s t i c  i s o t r o p y .  

Response ampl i tude  p l o t s  f o r  d i s k  motion a s  a f u n c t i o n  of  

forc ing  frequency are shown i n  f i g .  4.2.  These p l o t s  show t h e  

behaviour of t h e . n o n r o t a t i n g  d i s k  p i t c h  mode a t  c o n s t a n t  l o a d  

d i r e c t i o n  and r o t o r  p o s i t i o n .  F igure  4.2a d e p i c t s  t h e  mistuned 

o s c i l l a t o r - t y p e  response f o r  a f o r c i n g  d i r e c t i o n  and r o t o r  

p o s i t i o n  t h a t  do n o t  correspond t o  t h e  p r i n c i p a l  d i r e c t i o n s  of 

t h e  system. F igure  4.2b shows t h e  system behavior  f o r  a f o r c i n g  

d i r e c t i o n  a l i g n e d  w i t h  one of t h e  p r i n c i p a l  d i r e c t i o n s  on t h e  

nonro ta t ing  s t r u c t u r e  and a r o t o r  p o s i t i o n  a l i g n e d  w i t h  a 

p r i n c i p a l  d i r e c t i o n  of t h e  r o t a t i n g  system. The response 



t r a n s f e r  f u n c t i o n  curve  of f i g .  4.2b i n d i c a t e s  a s i n g l e  peak, 

more t y p i c a l  of t h e  t h e  response of a s i n g l e  degree  of freedom 

system than  t h a t  of f i g .  4.2a  

4.4) Numerical Model of  a Whirling Rotor  

A s  a method of p r e d i c t i n g  the n a t u r a l  f r e q u e n c i e s  of  

whi r l  of  t h e  MIT AE r o t o r  i n  t h e  Blowdown Compressor F a c i l i t y ,  

t h e  e q u a t i o n s  of motion (2 .1 .7 )  were s o l v e d  u s i n g  w i t h  t h e  

experimental ly  determined mass and s t i f f n e s s  p r o p e r t i e s .  The s e t  

of equat ions  (2.1.7)  are  of  the  form: 

Descr ibing the system i n  s t a t e  vector  form: 

( 4 . 4 . 2 )  

t h e  normal modes were assumed t o  be of t h e  form: 

(4.4.3)  A t  { Y I  = ( 4 1  e 

Upon s u b s t i t u t i o n  i n  eq. ( 4 . 4 . 1 1 ,  the  e q u a t i o n s  of motion a re  

then  i n  s t a n d a r d  eigenproblem form: 

where : 

(4 .4 .5)  

The system o f  e q u a t i o n s  (4.4.4) were s o l v e d  u s i n g  t h e  w e l l  

known EISPACK [ l l ]  l i b ra ry  of matrix e igensystem s o l u t i o n  

subrout ines .  The e n t r i e s  of the  dynamic m a t r i x  [Dl depend on t h e  

r o t a t i o n  speed a ,  t h e r e f o r e  t h e  normal modes and f r e q u e n c i e s  were 

determined a s  a f u n c t i o n  of n. The behavior  of t he  predicted 

system n a t u r a l  f r e q u e n c i e s  a s  a func t ion  of r o t o r  speed is shown 
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i n  f ig .  4.3a. The f r e q u e n c i e s  c a l c u l a t e d  from t h e  e q u a t i o n  are  

r e f e r r e d  t o  t h e  r o t a t i n g  frame, i . e .  t h e  r o t o r  f i x e d  c o o r d i n a t e  

system. The t ransformed n a t u r a l  f r e q u e n c i e s ,  as  they  would a p p e a r  

i n  the n o n r o t a t i n g  frame a re  shown i n  f i g .  4.3b. Note t h a t  t h e  

forward and backward w h i r l  curves  s t i l l  r e f e r  t o  w h i r l  d i r e c t i o n  

a s  viewed i n  t h e  r o t o r  frame. The s h a f t  s t i f fnes ses  determined by 

the  simple 2 DOF model f i t  of  s e c t i o n  4 . 2  were used a s  w e l l  a s  

t he  i n e r t i a l  p r o p e r t i e s  l i s t e d  i n  Appendix A .  

The p r e d i c t e d  system behavior  d e p i c t e d  i n  f i g .  4.3 w a s  

seen t o  d i f f e r  from t h e  exper imenta l ly  observed n a t u r a l  

f requencies  when t h e  r o t o r  was n o t  r o t a t i n g  ( Q  = 0 ) .  The low d i s k  

r i g i d  body t r a n s l a t i o n  dominated mode which was e x p e r i m e n t a l l y  

observed a t  222 Hz was c a l c u l a t e d  by t h e  model t o  occur  a t  219 

Hz. The high d i s k  r i g i d  body p i t c h i n g  dominated mode w a s  

experimental ly  observed a t  325 Hz and was c a l c u l a t e d  a t  315 H z .  

The blade one nodal  d iameter  mode was exper imenta l ly  observed a t  

388 Hz and w a s  p r e d i c t e d  t o  occur  a t  408 H z .  These d i s c r e p a n c i e s  

can be seen by n o t i n g  t h e  exper imenta l ly  observed f r e q u e n c i e s  i n  

f i g .  4.3a. The pr imary reason f o r  t h e  d iscrepancy  between t h e  

observed and p r e d i c t e d  R = 0 n a t u r a l  f r e q u e n c i e s  is  due t o  t h e  

f a c t  t h a t  t h e  s t i f f n e s s  parameters i n p u t  t o  eq. (4.4.4)  were 

determined by f i t t i n g  t h e  experimental  d i s k  r i g i d  body dominated 

mode dynamic d a t a  t o  a 2 DOF model which d i d  n o t  i n c l u d e  blade 

f l e x i b i l i t y  e f fec ts ,  eq. (4.3.1 ) .The b lade  c a n t i l e v e r  f requency 

of 374 Hz and t h e  observed d i s k  r i g i d  body p i t c h  dominated mode 

frequency of 325 Hz are i n  t o o  c l o s e  proximi ty  t o  i g n o r e  t h e  

f l e x i b i l i t y  of  t h e  b l a d e s  i n  t h e  h igh  d i s k  mode motion. A s  a 

r e s u l t  t h e  subsequent  i n c l u s i o n  of b lade  f l e x i b i l i t y  i n  t h e  

system e q u a t i o n s  of  motion (4 .4 .4 )  d e p r e s s e s  t h e  R = 0 

frequencies  for t h e  two lower nodes which p r i m a r i l y  c o n s i s t  of 

d i s k  t r a n s l a t i o n  and p i t c h  motion, while  i n c r e a s i n g  t h e  b lade  one 

nodal diameter f requency.  The d i s k  p i t c h  mode was i n  closer 

proximity t o  t h e  b lade  c a n t i l e v e r  mode f o r  Q = 0 t h a n  w a s  t h e  
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d i s k  t r a n s l a t i o n  mode. Hence the  i n c l u s i o n  of t h e  b lade  

f l e x i b i l i t y  e f fec ts  i n  t h e  model depressed t h e  d i s k  p i t c h  mode 

more than  t h e  d i s k  t r a n s l a t i o n  mode. 

S ince  t h e  elements of t h e  s t i f f n e s s  m a t r i x  were chosen t o  

b e s t  f i t  t h e  n o n r o t a t i n g  modes, i t  was decided t o  f u r t h e r  r e f i n e  

t h e  f i t s  u s i n g  t h e  f u l l  system model. T h i s  ref inement  w i l l  be 

done i n  two steps. F i r s t  Only the  s u p p o r t  s t i f f n e s s e s  w i l l  be 

modified,  and l a t e r  both  the  support  and b lade  s t i f f n e s s e s  w i l l  

be modified.  

I n  o r d e r  t o  o b t a i n  a more re f ined  f i t  f o r  t h e  s u p p o r t  

s t i f f n e s s e s ,  t h e  measured f requencies  used i n  t h e  ea r l i e r  f i t  

were precompensated. This  precompensation f o r  t h e  d e c r e a s e  i n  

t h e  frequency of  t h e  p i t c h  mode p r e d i c t e d  by eq. (4 .4 .4 )  w a s  

achieved by changing t h e  dynamic d a t a  i n p u t  t o  t h e  2 D O F  

s t i f f n e s s  f i t  from t h e  experimental ly  measured va lues  of 222 Hz 

and 325 Hz t o  222 Hz and 335 Hz. 

A second discrepancy i n  the p r e d i c t i o n  of t h e  system 

n a t u r a l  f r e q u e n c i e s  shown i n  f i g .  4.3a is  t h e  h igh  r o t o r  c r i t i c a l  

speed ( d e f i n e d  a s  t h e  p o i n t  of i n t e r s e c t i o n  of t h e  low forward 

w h i r l  branch w i t h  t h e  w = 0 a x i s ) .  This  p o i n t  is e x p e r i m e n t a l l y  

known t o  occur  i n  t h e  v i c i n i t y  of Q = 215 H z .  I n  o r d e r  t o  

precompensate f o r  t h i s  d i f f e r e n c e ,  t h e  coupl ing  s t i f f n e s s  K,,, 

w a s  reduced by 35% from t h a t  pred ic ted  i n  s e c t i o n  4.2. The 

r e s u l t a n t  K X  and K,, f o r  a value of Kx,, chosen t o  be 35% 

less  than  t h e  value used i n  f i g .  4.3 w a s  then  c a l c u l a t e d  from 

eq. (4 .3 .1) .  The decrease i n  Kx,, corresponds t o  a d e c r e a s e  i n  

t h e  s t i f f n e s s  coupl ing  parameter k from 0.331 t o  0.164. The 

2 DOF system s t i f f n e s s  matr ix  f o r  t h e  precompensated system is 

then: 

h 

5.47 N/m -3.44 N 
1.32 Nm 

T h i s  is approximately the  best  f i t  t o  t h e  Q = 0 d a t a  t h a t  can be 
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made without  modifying t h e  blade s t i f f n e s s .  

The r e s u l t a n t  system n a t u r a l  frequency behavior  a s  a 

func t ion  of r o t o r  speed i s  shown i n  f i g u r e s  4.4a and 4.4.b. The 

e f f e c t  of  u s i n g  t h e  precompensated 2 DOF s t i f f n e s s  d a t a  i n  t h e  

f u l l  6 DOF w h i r l  model i s  a s l i g h t l y  better agreement f o r  t h e  

d i s k  p i t c h  and t r a n s l a t i o n  modes a t  z e r o  r o t a t i o n  speed. The 

a = 0 d i s k  t r a n s l a t i o n  mode is  then  p r e d i c t e d  t o  occur  a t  220 Hz, 

which is i n  be t te r  agreement w i t h  t h e  exper imenta l ly  determined 

frequency of 222 Hz than  t h e  p r e d i c t i o n  u s i n g  t h e  b a s e l i n e  f i t .  

Also, t h e  a = 0 d i s k  p i t c h  mode was p r e d i c t e d  t o  appear a t  317 Hz 

which agrees  more c l o s e l y  w i t h  t h e  measured mode a t  325 Hz. 

However, t h e  n o n r o t a t i n g  blade one nodal  diameter  mode i s  f u r t h e r  

r a i s e d  from 408 Hz, the  p r e d i c t i o n  u s i n g  t h e  b a s e l i n e  s t i f f n e s s  

f i t  shown i n  f i g .  4 .3a,  t o  416 H z  i n  f i g .  4.4a. T h i s  e r r o r  i n  

p r e d i c t i n g  t h e  a = 0 b lade  one nodal  diameter  mode prompted 

another  a t t e m p t  t o  be t te r  f i t  t h e  n o n r o t a t i n g  d a t a .  

A second approach t o  precompensating t h e  dynamic s t i f f n e s s  

d a t a  fol lows i n  a manner s imilar  t o  t h e  f i r s t  compensation 

scheme. I n  a d d i t i o n  t o  t h e  t o  t h e  measures taken i n  t h e  f i r s t  

scheme, t h e  b lade  modal s t i f f n e s s  KB determined by eq. ( 2 . 2 . 2 )  

w a s  decreased by 19% i n  o r d e r  t o  precompensate f o r  t h e  i n c o r r e c t  

p r e d i c t i o n  of t h e  n = 0 b lade  one nodal  diameter  modes a t  t o o  

high a frequency. The r e s u l t s  of t h i s  f i n a l  ref inement  a r e  

p l o t t e d  i n  t h e  rotor frame i n  f i g .  4.5a and i n  t h e  n o n r o t a t i n g  

frame of r e f e r e n c e  i n  f i g .  4.5b. The r e s u l t s  of t h i s  

precompensated s t i f f n e s s  f i t  were used a s  t h e  p r e d i c t i o n  of t h e  

system n a t u r a l  f r e q u e n c i e s  of w h i r l  i n  o r d e r  t o  a s s i s t  i n  

choosing t h e  correct o p e r a t i n g  p o i n t  f o r  t h e  w h i r l  experiments .  

The c o r r e l a t i o n  between t h e  predicted and t h e  exper imenta l ly  

determined f r e q u e n c i e s  f o r  both t h e  z e r o  r o t a t i o n  speed and t h o s e  

speeds tested w i l l  be d i s c u s s e d  i n  s e c t i o n  5.4. The r e s u l t s  of 

t h e  th ree  s t i f f n e s s  f i t s  are summarized i n  Table  A.2. 

Thus a s  a r e s u l t  of  d i r e c t  measurement of t h e  i n e r t i a l  



p r o p e r t i e s  and  c a r e f u l  modal surveys of  t h e  r o t o r  whi le  n o t  

r o t a t i n g ,  a complete s e t  of system parameters  have been found. 

Solving t h e  system e q u a t i o n s  of motion w i t h  t h e s e  parameters  

y i e l d s  a reasonable  p r e d i c t i o n  of the n o n r o t a t i n g  behavior  of 

t he  system and i ts  t h e  c r i t i c a l  speed. The parameters  a r e  a l l  

i n t e r n a l l y  c o n s i s t e n t  wi th  t h e  nonrotaing mode s h a p e s ,  t h a t  i s  

they s a t i s f y  t h e  modal or thogonal i ty  r e l a t i o n s h i p s .  I n  t h e  next  

chapter  t h e  r e s u l t s  of a n  experimental  program of  w h i r l  t e s t i n g  

on t h e  M I T  AE r o t o r  w i l l  be discussed and t h e  p r e d i c t e d  and 

measured f r e q u e n c i e s  w i l l  compared. 



5. Whirl T e s t  R e s u l t s  

A program of experimental  t e s t i n g  w a s  c a r r i e d  o u t  t o  

determine t h e  n a t u r a l  w h i r l  f requencies  of t he  MIT A e r o e l a s t i c  

r o t o r  i n s t a l l e d  i n  t h e  Blowdown Compressor F a c i l i t y .  The t e s t s  

involved running t h e  r o t o r  a t  constant  r o t a t i o n a l  speed whi le  

apply ing  a n  e x c i t a t i o n  f o r c e  phased t o  e x c i t e  e i t h e r  forward o r  

backward w h i r l .  The response of  the system w a s  monitored by means 

of  t h e  blade p i e z o e l e c t r i c  displacement t ransducers .  Peaks i n  t h e  

blade response ampli tude were found t o  occur  d u r i n g  t h e  c o n s t a n t  

ampli tude f o r c i n g  sweeps. These resonant  peaks were used t o  

d e f i n e  t h e  n a t u r a l  f r e q u e n c i e s  of t h e  system. 

The t e s t s  were performed a t  s p e c i f i c  c o n s t a n t  r o t a t i o n  

speeds  f o r  both t h e  forward and backward w h i r l  e x c i t a t i o n  

phasing.  The r o t a t i o n  speeds chosen f o r  s tudy  were: R = 30, 60 ,  

90, 120, 150 Hz (1800, 3600, 5400, 7200, 9000 rpm). The d a t a  

obta ined  up t o  and i n c l u d i n g  0 = 150 Hz w a s  s u f f i c i e n t  t o  

i l l u s t r a t e  t h e  t r e n d s  of  t h e  r o t o r  system n a t u r a l  w h i r l  

f r e q u e n c i e s  w i t h  r o t o r  speed ,  and t o  a l low f o r  comparison of 

p r e d i c t e d  and exper imenta l  r e s u l t s .  

T e s t s  were a l s o  c a r r i e d  out a t  5 Hz r o t a t i o n  speed i n  

o r d e r  t o  o b t a i n  a check of t h e  nonro ta t ing  n a t u r a l  f r e q u e n c i e s  

detem.inec! by this procedure w i t h  those  r e p o r t e d  i n  s e c t i o n  4.3 

f o r  R = 0. The n a t u r a l  f requencies  a t  t h i s  low speed a r e  o n l y  

i n f l u e n c e d  s l i g h t l y  by t h e  e f f e c t s  of  r o t a t i o n ,  hence t h e  n a t u r a l  

f r e q u e n c i e s  determined by t h e  r o t a t i n g  i n s t r u m e n t a t i o n  ( t h e  b l a d e  

p i e z o e l e c t r i c  displacement  t ransducers )  were c o r r e l a t a b l e  t o  t h e  

n a t u r a l  f r e q u e n c i e s  determined i n  t h e  n o n r o t a t i n g  modal surveys.  

The l o w  speed tes ts  were a l s o  usefu l  i n  o r d e r  t o  determine t h e  

o b s e r v a b i l i t y  of t h e  modes of the system by the  r o t a t i n g  

i n s t r u m e n t a t i o n .  Note t h a t  during t h e  n o n r o t a t i n g  modal s u r v e y s ,  

d i s c u s s e d  i n  s e c t i o n  4 .3 ,  i t  was p o s s i b l e  t o  employ many s h a f t ,  

d i s k ,  and b l a d e  mounted accelerometers  i n  a d d i t i o n  t o  t h e  b lade  

d isp lacement  t r a n s d u c e r s  which comprised t h e  r o t a t i n g  

5 1  
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ins t rumenta t ion .  

The technique employed f o r  w h i r l  t e s t i n g  i s  d e s c r i b e d  i n  

s e c t i o n  5.1. The v e r i f i c a t i o n  of t h e  s u c c e s s f u l  e x c i t a t i o n  of t h e  

r o t o r  i n  w h i r l  is  i l l u s t r a t e d  f o r  bo th  t h e  forward and backward 

w h i r l  case i n  s e c t i o n  5 .2 .  The r e d u c t i o n  of  t he  f o r c i n g  sweep 

d a t a  is shown i n  s e c t i o n  5 . 3 ,  and t h e  comparison between t h e  

p r e d i c t e d  system f requencies  and t h o s e  exper imenta l ly  measured is 

made i n  s e c t i o n  5 . 4 .  F i n a l l y ,  t h e  exper imenta l  r e s u l t s  a r e  

t a b u l a t e d  i n  Appendix B.  

5 . 1 )  W h i r l  T e s t  Procedure 

The r o t a t i n g  w h i r l  t e s t s  performed i n  t h e  Blowdown 

Compressor F a c i l i t y  were e s s e n t i a l l y  f o r c e d  response tes ts  u s i n g  

a slowly varying s i n u s o i d a l  sweep technique.  The n a t u r a l  modes of  

t h e  r o t o r  running a t  a c o n s t a n t  speed were e x c i t e d  by sweeping i n  

frequency, w i t h  t he  shakers  se t  t o  force i n  a f i x e d  w h i r l  

d i r e c t i o n  (forward o r  backward). During t h e  development of t h e  

experimental  technique s i n g l e  s h a k e r ,  impuls ive ,  and broadband 

e x c i t a t i o n  techniques  were a l s o  e v a l u a t e d .  However due t o  t h e  

complex and p o s s i b l y  n o n l i n e a r  response ,  c l e a r  i n t e r p r e t a t i o n  of  

t h e  data was b e s t  achieved u s i n g  s i n e  sweeps phased f o r  pure  

forward o r  backward e x c i t a t i o n .  

An important  c o n s i d e r a t i o n  i n  d e v i s i n g  t h e  exper imenta l  

procedure was t h a t  t h e  t o t a l  e l a p s e d  t i m e  dur ing  a tes t  be k e p t  

as  s h o r t  as p o s s i b l e ,  e s p e c i a l l y  a t  h igh  speeds.  T h i s  was done i n  

o r d e r  t o  minimize t h e  run time on t h e  b e a r i n g s  which, a s  

prev ious ly  d i s c u s s e d ,  were running above t h e i r  D N  r a t i n g .  Bearing 

f a i l u r e s  had p r e v i o u s l y  occurred i n  t h e  blowdown f a c i l i t y  and,  

g iven  the vigourous n a t u r e  of t h e  w h i r l  f o r c i n g  e x c i t a t i o n ,  such 

a n  event was a major concern. I n  a d d i t i o n  t o  i n f l u e n c i n g  t h e  t e s t  

procedure,  t h i s  concern f o r  bear ing  l i f e  w a s  what s e t  t h e  choice 

of a maximum t e s t  speed of 51 = 150 Hz (9000 rpm). Another 

motivat ion f o r  keeping t e s t  times s h o r t  w a s  t o  p r e v e n t  t h e  d r i v e  
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motor from overhea t ing .  The motor temperature  was monitored 

dur ing  t h e  t e s t s  by a thermocouple on i t s  cas ing .  

A t  t h e  beginning of a t es t  r u n ,  t he  t e s t  s e c t i o n  of t h e  

F a c i l i t y  w a s  evacuated t o  a vacuum of  approximately 0.1 mm Hg. 

During t h i s  pump down time the  LeCroy A/D system w a s  i n i t i a l i z e d  

and t h e  d e s i r e d  f o r c i n g  sweep range and sweep r a t e  w a s  s e t  on t h e  

Wavetek Mod. 184 master sweep func t ion  gene ra to r .  The Wavetek 

Mod. 186 phase lock s l a v e  func t ion  gene ra to r  was s e t  f o r  t h e  

proper  phase d i f f e r e n c e  wi th  r e spec t  t o  t h e  Mod. 184 master sweep 

gene ra to r  s i g n a l .  T h e s e  e x c i t a t i o n  s i g n a l s  were i n p u t  t o  the  two 

s e p a r a t e  A l t e c  8 O O W  power a m p l i f i e r s ,  t he  g a i n s  of which were s e t  

f o r  t h e  d e s i r e d  f o r c i n g  amplitudes.  Typica l  f o r c i n g  ampli tudes 

were measured a t  80 lbf  (peak t o  peak)  by t h e  PCB P i e z o t r o n i c s  

f o r c e  t r ansduce r s .  

When t h e  d e s i r e d  vacuum was achieved t h e  t e s t  would begin .  

The HP 3960 FM reco rde r  and t h e  Ampex FM reco rde r  were s e t  t o  

s t a r t  r eco rd ing  and t h e  r o t o r  was brought  up t o  t h e  d e s i r e d  

r o t a t i o n a l  speed. When t h e  t a r g e t  r o t a t i o n a l  speed w a s  reached,  

t he  f o r c i n g  sweep w a s  s t a r t e d .  Typica l ly  frequency sweep r a t e s  

were approximately 1 Hz/s. During t h e  sweep the  r o t o r  speed w a s  

maintained c o n s t a n t  by manually c o r r e c t i n g  the  motor i npu t  power 

and monitor ing t h e  tachometer.  Typica l ly  t h e  r o t o r  speed w a s  he ld  

s t a b l e  w i t h i n  0.5 Hz dur ing  a t e s t  run. A t  a predetermined 

f o r c i n g  frequency du r ing  t h e  sweep, t he  A/D w a s  t r i gge red  and 3 2  

channels  of d a t a  were d i g i t i z e d  a t  a r a t e  of 5 kHz p e r  channel 

f o r  200 m s  du ra t ion .  Of course the  FM t ape  r eco rde r s  were 

r eco rd ing  data du r ing  the  e n t i r e  t e s t  run. A t  t h e  end of t he  

f o r c i n g  sweep t h e  shaker  e x c i t a t i o n  and t h e  ana log  r eco rde r s  were 

tu rned  o f f .  The r o t o r  was stopped, and t h e  A/D d a t a  was 

t r a n s f e r r e d  t o  t h e  PDP 11/70 computer f o r  s t o r a g e  and l a t e r  

a n a l y s i s .  

A f t e r  t h e  t e s t  t h e  primary d a t a ,  t h e  2 f o r c e  t ransducer  

and 2 b lade  displacement  s i g n a l s  recorded on t h e  HP reco rde r ,  
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were played back and i n s p e c t e d  on an o s c i l l o s c o p e  t o  ensure  t h a t  

no l o s s  of  t h e  primary i n s t r u m e n t a t i o n  occurred  dur ing  t h e  run. 

One force t r a n s d u c e r  and one blade s i g n a l  were played back i n t o  

t h e  HP 3582A spectrum a n a l y z e r  f o r  b lade  response ampli tude 

inspec t ion  a s  a f u n c t i o n  of f o r c i n g  frequency. Provided t h a t  t h e  

d a t a  appearred t o  be c o n s i s t e n t ,  a l l  t h e  d a t a  was arch ived  t o  

awai t  d e t a i l e d  d a t a  reduct ion .  The d a t a  r e d u c t i o n  procedure w i l l  

be d iscussed  i n  s e c t i o n  5.3. 

5 .2)  V e r i f i c a t i o n  of  Whir l  E x c i t a t i o n  D i r e c t i o n  

The s h a k e r  e x c i t a t i o n  system d e s c r i b e d  i n  S e c t i o n  3.3 was 

designed t o  e x c i t e  t h e  r o t o r  a t  any d e s i r e d  frequency and w h i r l  

d i r e c t i o n ,  independent  of  t h e  r o t o r  speed. There remains t h e  

ques t ion  of whether  t h i s  e x c i t a t i o n  system was s u c c e s s f u l ,  and 

how pure t h e  forward and backward w h i r l  e x c i t a t i o n  was. T h i s  

e x c i t a t i o n  p r o c e s s  was monitored a t  f o u r  p o i n t s :  a t  t h e  i n p u t  t o  

t h e  shaker a m p l i f i e r s  ( t h e  o u t p u t  of  t h e  s i g n a l  g e n e r a t o r s )  by 

phase and vol tmeters ;  a t  t h e  i n p u t  t o  t h e  b e a r i n g  housing 

centerbody by t h e  t h e  f o r c e  t ransducers ;  by t h e  response of t h e  

centerbody by t w o  acce le rometers ;  and by t h e  response of t h e  

b lades .  By ana lyz ing  t h e s e  s i g n a l s ,  i t  w i l l  be shown t h a t  t h e  

t a r g e t  w h i r l i n g  modes and f r e q u e n c i e s  were s u c c e s s f u l l y  produced 

by t h e  shaker  system. The presence of t h e  e x c i t a t i o n  p a t t e r n s  

w i l l  f i rs t  be shown f o r  t h e  forward w h i r l  c a s e ,  then f o r  t h e  

backward w h i r l  case. 

5.2.1) Forward Whirl E x c i t a t i o n  Case 

As a n  example of t h e  s u c c e s s f u l  e x c i t a t i o n  of  forward 

w h i r l  motion, t h e  c a s e  of t h e  r o t o r  t u r n i n g  a t  n = 120 Hz (7200 

rpm) w i l l  be considered.  The response of  t h e  b e a r i n g  housing 

centerbody w i l l  f i r s t  be examined, then  t h e  displacement  of t h e  

b l a d e s  w i l l  be shown. The t i m e  h i s t o r y  o f  t h e  f o r c e s  a p p l i e d  t o  

t h e  bear ing housing centerbody are  shown i n  f i g .  5 . l a .  The 
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shakers  a r e  each  apply ing  a s inuso ida l  f o r c e  a t  t h e  f requency 

urn = 449 Hz and a r e  phased such t h a t  t h e  f o r c e  a p p l i e d  by 

shaker  # 2  l a g s  t h a t  of shaker  # 1  by 90° .  T h i s  corresponds t o  a 

phase ang le  .$ of -90° i n  eq.  (3.3.1 1 ,  and t h e r e f o r e  a forward 

w h i r l  e x c i t a t i o n .  As a n  be seen from t h e  e x c i t a t i o n  system 

conf igu ra t ion  diagram i n  f i g .  3.4b, t h i s  4 = -90° e x c i t a t i o n  

p a t t e r n  produces a r e s u l t a n t  force vec to r  t h a t  r o t a t e s  a t  a 

frequency of = 449 Hz i n  the  d i r e c t i o n  of t h e  r o t o r  as  

viewed i n  t h e  nonro ta t ing  frame. 

The s p e c t r a l  con ten t  of the s i g n a l s  from t h e  f o r c e  

t r ansduce r s  are shown i n  f i g  5.2. The p l o t s ,  which were produced 

by power s p e c t r a l  d e n s i t y  (PSD) software on t h e  PDP 11/70, a r e  

t h e  frequency donain r ep resen ta t ion  of t h e  s i g n a l s  shown i n  f i g .  

5 . l a .  The p l o t s  bo th  show peaks of nominally equa l  magnitude a t  

e x a c t l y  a t  t h e  f o r c i n g  frequency of urn = 449 Hz. Therefore  t h e  

fo rce  a p p l i e d  t o  t h e  system by the two shake r s  e x a c t l y  fo l lows  

t h e  commanded f o r c e ,  i . e .  two force components of equa l  

ampl i tude ,  a -90° phase d i f f e rence ,  and of a s i n g l e  pure harmonic 

con ten t  of t h e  d e s i r e d  e x c i t a t i o n  frequency. 

Next t h e  response of t he  nonro ta t ing  bea r ing  housing 

centerbody t o  t h i s  e x c i t a t i o n  w i l l  be examined. The a c c e l e r a t i o n  

response of t h e  bea r ing  housing centerbody is shown i n  f i g .  5 . lb .  

The s i g n a l  from acce lerometer  #2 ( l o c a t e d  d i a m e t r i c a l l y  oppos i t e  

t o  shaker  # 2 )  l a g s  t h e  s i g n a l  from acce lerometer  # 1  ( l o c a t e d  

d i a m e t r i c a l l y  oppos i t e  t o  shaker  # 1 )  by about  90°.  This  

i n d i c a t e s  t h a t  t h e  nonro ta t ing  s t r u c t u r e  d i d  respond t o  t h e  

e x c i t a t i o n  f o r c e  v e c t o r ,  which was r o t a t i n g  i n  t h e  d i r e c t i o n  of 

t h e  r o t o r  a t  a speed of d m  a s  seen i n  t h e  n o n r o t a t i n g  frame. 

However n o t e  t h a t  t h e  response amplitude of  acce le romete r  # 1  was 

about  t h r e e  times g r e a t e r  than  tha t  of acce lerometer  # 2 .  Thus t h e  

bea r ing  housing centerbody moved a long  a nominal ly  e l l i p t i c a l  

p a t t e r n  i n  t h e  d i r e c t i o n  of t he  r o t o r  a t  an i n e r t i a l  angu la r  ra te  

of W F "  
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S i m i l a r l y ,  t h e  power spectral  d e n s i t i e s  of t h e  bear ing  

housing acce lerometer  s i g n a l s  are shown i n  f i g .  5.3. A s h a r p  

sp ike  is seen i n  t h e  PSD of acce lerometer  # 1  a t  = 449 Hz 

while  t h e  corresponding s p i k e  on t h e  PSD of  acce lerometer  #2 is  

only about one n i n t h  t h e  magnitude. T h i s  is  because t h e  

a c c e l e r a t i o n  ampli tude of t h e  two acce lerometer  s i g n a l s  d i f f e r e d  

by a f a c t o r  of  t h r e e  and t h e  PSD amplitude is p r o p o r t i o n a l  t o  t h e  

square of t h e  s i g n a l  ampli tude.  This  v e r i f i e s  t h a t  t h e  bear ing  

housing centerbody d i d  respond i n  a forward w h i r l i n g  motion a t  a 

frequency e q u a l  t o  t h e  e x c i t a t i o n  frequency,  a l though i n  a n  

e l l i p t i c  r a t h e r  than  c i r c u l a r  p a t t e r n .  The reason f o r  t h i s  

p r e f e r e n t i a l  d i r e c t i o n  is suspec ted  t o  be a s s o c i a t e d  w i t h  a 

nonuniformity of t h e  centerbody suppor t  s t r u c t u r e  i n  t h e  Blowdown 

F a c i l i t y .  Other  peaks i n  t h e  PSD ampli tude t r a c e s  can be seen  a t  

i n t e g e r  m u l t i p l e s  of  t h e  r o t o r  speed a ,  p r i m a r i l y  a t  WR = a .  
The a d d i t i o n a l  once per r e v o l u t i o n  response is of course due t o  

t h e  s l i g h t  r e s i d u a l  imbalance of t h e  r o t o r  e x c i t i n g  t h e  suppor t  

s t r u c t u r e  a t  t h e  r o t a t i o n  speed. 

Having e s t a b l i s h e d  t h a t  t h e  n o n r o t a t i n g  centerbody 

responds t o  t h e  w h i r l  e x c i t a t i o n  a t  urn, it remains t o  be 

determined how t h e  e x c i t a t i o n  i s  viewed i n  t h e  r o t a t i n g  system 

and how t h e  b lades  respond. The t ransformat ion  of f o r c e s  from 

t h e  nonro ta t ing  t o  t h e  r o t a t i n g  system was d iscussed  i n  s e c t i o n  

3.3 and summarized i n  f i g .  3.5. The case  being cons idered  is:  

shaker  phase a n g l e  4 = - g o o ,  shaker  e x c i t a t i o n  frequency u r n  = 

449 Hz, and a r o t o r  speed of R = 120 Hz (7200 rpm) . Since  t h e  

i n e r t i a l  f o r c i n g  frequency urn i s  g r e a t e r  than t h e  r o t o r  speed 

a ,  t h e  r o t a t i n g  assembly should sense a r o t a t i n g  f o r c e  v e c t o r  a t  

a frequency o f :  uFR = um-Q = 329 Hz and r o t a t i n g  i n  t h e  

d i r e c t i o n  of r o t o r  r o t a t i o n  a s  viewed i n  t h e  r o t o r  frame. This  

corresponds t o  a p o i n t  on curve 2 of  f i g .  3 .5 ,  which is  t h e  

forward w h i r l  e x c i t a t i o n  c h a r a c t e r i s t i c .  The c h a r a c t e r i s t i c s  t o  

e s t a b l i s h  t h i s  s p e c i f i c  p o i n t  are shown i n  f i g .  5 .4 ,  superimposed 
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on the  p r e d i c t e d  system resonance p l o t  of f i g .  4.5a.  Thus one 

would expec t  t h e  b lades  t o  respond a t  ~ F R  = 329 Hz i n  a one 

nodal  d iameter  forward w h i r l  p a t t e r n .  

The t i m e  response of t h e  blade p i e z o e l e c t r i c  displacement  

t r a n s d u c e r s  t o  t he  e x c i t a t i o n  p a t t e r n  a r e  shown i n  f i g .  5.5 i n  

t h e i r  c o r r e c t  r e l a t i v e  a n g u l a r  p o s i t i o n s  on t h e  r o t o r  hub. The 

s i g n a l  from blade  displacement  t ransducer  # 1  i s  repea ted  a f t e r  

t h e  s i g n a l  from blade t r ansduce r  #23 f o r  r e fe rence .  These 

response s i g n a l s  were recorded s imultaneously w i t h  the  e x c i t a t i o n  

s i g n a l s  by t h e  LeCroy A/D. B y  i n spec t ion ,  it can be seen t h a t  

t h e  dominant displacement  p a t t e r n  of  t he  b l ades  is a one nodal  

d iameter  mode wi th  a nominal i n t e r b l a d e  phase angle  o f :  B 

360°/23 b lades  = 15.7O and t h e  s e n s e  of t he  t r a v e l l i n g  wave is i n  

t h e  forward w h i r l  d i r e c t i o n .  Therefore t h e  blades a r e  responsing 

t o  t h e  forward w h i r l  e x c i t a t i o n .  Note t h a t  t h e  s i g n a l  from blade 

displacement  t r ansduce r  # 2  i s  nu l l  because i t s  wire i n s u l a t i o n  i n  

t h e  forward s l i p  r i n g  assembly was damaged, and the  s i g n a l  was 

s h o r t e d  t o  ground. C o n s t r a i n t s  i n  t h e  F a c i l i t y  t e s t  schedule  d i d  

n o t  permi t  a shutdown t o  remove t h e  s l i p  r i n g  assembly and r e p a i r  

t h e  wire .  

I n  o r d e r  t o  determine t h e  frequency content  of the  blade 

response ,  t h e  power s p e c t r a l  dens i ty  of a t y p i c a l  b lade  

d isp lacement  t r ansduce r  ( # 9 )  is shown i n  f i g .  5.6. A l a r g e  peak 

is seen a t  t h e  frequency of t h e  e x c i t a t i o n  i n  the  nonro ta t ing  

frame of 449 Hz ( a l l  b lade  s i g n a l  f r equenc ie s  a r e  r e f e r r e d  t o  a s  

f r e q u e n c i e s  observed i n  t h e  r o t o r  f rame) .  Response is a l s o  seen  

a t  t h e  t a r g e t  f o r c i n g  frequency: UFR = UFN-R 5 327 Hz. A 

small peak is a l s o  seen a t  the  frequency a t  which backward w h i r l  

would be sensed i n  t h e  r o t a t i n g  frame: um+Q 571 Hz. TWO 

p o s s i b l e  mechanisms f o r  t h e  appearance of these undesired wh i r l  

response  f r equenc ie s  a r e :  responses stemming from asymmetries i n  

t h e  b e a r i n g  suppor t  s t r u c t u r e  and ampli tude d i f f e r e n c e s  between 

t h e  two shake r  f o r c e s  du r ing  t h e  e x c i t a t i o n  sweep. 
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For a r o t o r  system w i t h  s t i f f n e s s  asymmetries i n  both  t h e  

nonro ta t ing  s t r u c t u r e  and i n  t h e  r o t a t i n g  assembly, t h e  r e s u l t i n g  

equat ions  of motion expressed  i n  any c o o r d i n a t e  system w i l l  

involve p e r i o d i c  c o e f f i c i e n t s .  The f o r c e d  response o r  

nonhomogeneous s o l u t i o n s  t o  p e r i o d i c  f o r c i n g  i n p u t s  can be s e e n ,  

by Floquet o r  harmonic balance methods 1121, t o  involve  

frequency components s h i f t e d  from t h e  f o r c i n g  frequency by 

harmonics of n. For a forward w h i r l  e x c i t a t i o n ,  a symmetric 

l i n e a r  system would respond a t  t h e  f reqency  of e x c i t a t i o n  

( w m - Q ) ,  but  a nonsymmetric system would a lso respond a t :  

w m - 2 Q ,  urn, wm+n, etc .  . Although t h e  system asymmetries 

were r e l a t i v e l y  weak i n  t h e  r o t a t i n g  s t r u c t u r e  and s l i g h t l y  more 

apparent  i n  t h e  n o n r o t a t i n g  s t r u c t u r e ,  t h i s  e f f e c t  may be t h e  

cause of t h e  unexpected response f r e q u e n c i e s .  

Blade frequency response s h i f t s  due t o  ampli tude 

d i f f e r e n c e s  i n  t h e  s h a k e r  o u t p u t  f o r c e s  a r e  r e a d i l y  expla ined  

wi th in  t h e  realm of l i n e a r  theory.  Consider  a f o r c i n g  i n p u t  t o  

t h e  bearing housing centerbody w i t h  a f r a c t i o n a l  ampli tude 

d i f f e r e n c e  2e between each  shaker:  

FN, = ( l + e )  f sinw 

FN 2 = (1-e)  f s i n ( u m t + b )  

t FN 

For the case of  forward w h i r l  wi th  > and I$ = - g o o ,  t h e  

r o t o r  senses  the  fol lowing e x c i t a t i o n  p a t t e r n :  

F = f sin(wm-S2)t + ef sin(w + a ) t  

FR2 - - 
R1 F N  

- f cos(wm-n I t  + ef c o s ( w F N + ~  1 t 

Therefore  a component of backward w h i r l  o f  magnitude ef 

and frequency wm+Q e x i s t s  i n  t h e  r o t o r  e x c i t a t i o n  as  sensed 

i n  t h e  r o t a t i n g  frame. Thus a response is t o  be expected a t  t h i s  

frequency i f  t h e  shakers  a r e  n o t  producing e q u a l  f o r c e  

ampli tudes,  o r  i n  an analogous manner, t h e  b e a r i n g  centerbody 

does not respond w i t h  e q u a l  receptance  t o  a symmetric e x c i t a t i o n  



pa t t e rn .  I t  was shown i n  f i g .  5.lb t h a t  t h e  centerbody responded 

w i t h  unequal  ampl i tudes  i n  t h e  two or thogonal  d i r e c t i o n s  i n  sp i t e  

o f  t h e  nominally e q u a l  e x c i t a t i o n  ampli tudes.  Therefore  a 

p o s s i b l e  mechanism for  t h e  blade response  a t  t h e  undes i red  w h i r l  

f requency,  t h e  frequency corresponding t o  backward w h i r l ,  is  t h e  

unequal response  ampli tude of the b e a r i n g  housing centerbody t o  

t h e  forward w h i r l  e x c i t a t i o n .  

I n  t h e  power s p e c t r a l  dens i ty  p lo t  of t h e  displacement  

response of b lade  #9, shown i n  f ig .  5.6,  it is  e v i d e n t  t h a t  t h e  

blade i s  a l s o  responding a t  harmonics of  t h e  r o t o r  speed Q. The 

response a t  i n t e g e r  "engine" o rde r s  i s  q u i t e  s i g n i f i c a n t ,  w i t h  a 

l a r g e  PSD s p i k e  a t  28 = 244 Hz and smaller s p i k e s  a t :  19 z 1 2 2  

Hz, 38 = 366 Hz, and 4R = 483 Hz. The o r i g i n  of t h i s  e x c i t a t i o n  

is somewhat u n c e r t a i n .  I t  is c e r t a i n l y  due t o  some i n t e r a c t i o n  of 

the  r o t a t i n g  and n o n r o t a t i n g  frames s i n c e  it c l e a r l y  occurs  a t  

m u l t i p l e s  of t h e  r o t o r  speed. I t  could be due t o  bear ing  n o i s e  o r  

a complex i n t e r a c t i o n  of t h e  r o t o r  imbalance w i t h  t h e  nonuniform 

n o n r o t a t i n g  centerbody suppor t  s t r u c t u r e .  

The o v e r a l l  conclusion is  t h a t  t h e  forward w h i r l  

e x c i t a t i o n  is indeed sensed by t h e  r o t o r ,  b u t  due t o  

nonuniformity of t h e  suppor t  and t h e  presence of a d d i t i o n a l  

e x c i t a t i o n  s o u r c e s ,  t h e  s igna l - to-noise  r a t i o  of  t h e  d e s i r e d  

response of t h e  b lade  compared t o  t h e  t o t a l  response is n o t  good 

( c l e a r l y  less than  one i n  t h i s  c a s e ) .  Therefore  i n  t h e  d a t a  

r e d u c t i o n  p r o c e s s ,  g r e a t  care must be taken  t o  i d e n t i f y  t h e  

response  a s s o c i a t e d  w i t h  each e x c i t a t i o n  source .  Then only  t h e  

response  associated t o  t h e  des i red  w h i r l  d i r e c t i o n  should be 

considered i n  t h e  de te rmina t ion  of t h e  system resonances.  
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5 . 2 . 2 )  Backward Whirl E x c i t a t i o n  Case 

I n  a procedure p a r a l l e l  t o  t h a t  of t h e  p rev ious  

subsec t ion ,  t h e  r e s u l t s  of a backward w h i r l  e x c i t a t i o n  w i l l  be 

t raced  from t h e  shake r s ,  through the  bear ing  housing centerbody,  

and u l t ima te ly  t o  t h e  blade response.  The p a r t i c u l a r  case  of a 

r o t o r  speed R = 60  Hz (3600 rpm) run w i l l  be d iscussed  t o  

i l l u s t r a t e  t h e  backward w h i r l  response.  The shaker  i n p u t  s i g n a l s  

a re  ins tan taneous ly  commanding a backward w h i r l  e x c i t a t i o n  a t  

urn = 290 Hz. The t ime h i s t o r y  of t h e  f o r c e  t r ansduce r  s i g n a l s  

as  logged by t h e  A/D system a r e  shown i n  f i g .  5.7a. The shakers  

a r e  phased such t h a t  t he  f o r c e  e x e r t e d  by shaker  #2 l e a d s  t h a t  of 

shaker # 1  by 90°.  T h i s  corresponds t o  a phase angle  ,$ = 90° a s  

def ined i n  eq.  ( 3 . 3 . 1 )  and a backward r o t a t i n g  fo rce  vec to r  a s  

viewed i n  both  the  nonro ta t ing  and r o t o r  frames. The s p e c t r a l  

content  of t he  shaker  fo rce  t r ansduce r  s i g n a l s  are shown i n  f i g .  

5.8. A p a i r  of sha rp  peaks a r e  seen a t  t h e  f o r c i n g  frequency of 

urn = 290 Hz. The two peaks a r e  of nominally equa l  ampl i tude ,  

i n d i c a t i n g  aga in  t h a t  a pure uniform f o r c e  vec to r  is produced by 

the  e x c i t a t i o n  system. 

The a c c e l e r a t i o n  response of t h e  bear ing  housing 

centerbody t o  the  app l i ed  shaker  f o r c i n g  is  shown i n  f i g .  5.7b. 

The s i g n a l  from acce lerometer  # 2  is  seen  t o  nominally lead t h a t  

from accelerometer  # 1  by 90° .  Upon inspec t ion  of the  e x c i t a t i o n  

system l ayou t  shown i n  f i g .  3.4b, t h e  vec to r  sum of t h e  two 

a c c e l e r a t i o n  v e c t o r s  (and hence displacement  v e c t o r s ) ,  is  seen  t o  

r o t a t e  i n  a d i r e c t i o n  oppos i t e  t o  t h a t  of t h e  r o t o r .  The  two 

a c c e l e r a t i o n  s i g n a l s  a r e  of s i m i l a r  ampl i tude ,  t hus  the  bea r ing  

housing centerbody executes  a nominally c i r c u l a r  backward 

whi r l ing  motion. The power s p e c t r a l  d e n s i t y  of t he  acce lerometer  

s i g n a l s  is shown i n  f i g .  5.9,  where a g a i n  a r e l a t i v e l y  c l e a n  

response a t  urn = 290 Hz is seen.  Note t h a t  t h e  s l i g h t  

d i f f e rence  i n  e x c i t a t i o n  f o r c e  ampli tude between shaker  # 1  and # 2  

is  r e f l e c t e d  by a c o n s i s t e n t  s l i g h t  d i f f e r e n c e  i n  centerbody 
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response ampli tude ( f i g .  5.91, i n  b o t h  cases t h e  2 d i r e c t i o n  

responding w i t h  s l i g h t l y  less amplitude than  i n  t h e  1 d i r e c t i o n .  

T h i s  is  a n  i n d i c a t i o n  t h a t  a t  t h i s  f requency,  t h e  centerbody 

suppor t  s t r u c t u r e  is approximately symmetric. 

The frequency and s e n s e  of t h e  e x c i t a t i o n  must a g a i n  be 

t ransformed t o  t h e  r o t o r  frame. In t h i s  case t h e  f o r c e  vec tor  

a p p l i e d  by t h e  shaker  system r o t a t e s  a t  a n  a n g u l a r  r a t e  of wFN 

= 290 Hz o p p o s i t e  t o  t h e  d i r e c t i o n  of r o t o r  r o t a t i o n ,  viewed i n  

t h e  n o n r o t a t i n g  frame. Following t h e  d i s c u s s i o n  of s e c t i o n  3 .3 ,  

f o r  a r o t o r  speed n = 60 Hz, t h e  r o t o r  should sense an a p p l i e d  

f o r c e  v e c t o r  r o t a t i n g  o p p o s i t e  t o  t h e  d i r e c t i o n  of r o t o r  r o t a t i o n  

a t  an a n g u l a r  r a t e  of wm+Q = 350 Hz, a s  viewed i n  t h e  r o t o r  

frame. This  corresponds t o  a poin t  a long  curve 1 of  f i g .  3.5,  t h e  

f o r c e  t r a n s f o r m a t i o n  summary plot. 

The s imul taneous  t i m e  response of t h e  blade displacement  

t r a n s d u c e r s  can be seen  i n  f i g .  5.10. The b lades  a r e  shown i n  

t h e i r  c o r r e c t  r e l a t i v e  a n g u l a r  p o s i t i o n  on t h e  r o t o r  hub w i t h  t h e  

s i g n a l  from blade  t r a n s d u c e r  #1 repeated a f t e r  t h a t  of blade 

t r a n s d u c e r  # 2 3 .  The b l a d e s  a r e  execut ing a one nodal  diameter  

motion w i t h  a nominal i n t e r b l a d e  phase angle  of 9 -15.7O, 

corresponding t o  a backward whi r l  motion. A t y p i c a l  blade 

displacement  s i g n a l  PSD, s p e c i f i c a l l y  f o r  blade #12, is shown i n  

f i g .  5.11. The PSD c l e a r l y  shows t h a t  t h e  b lades  a r e  responding 

a t  a f requency of u F ~  = 350 H z ,  which corresponds t o  backward 

w h i r l  e x c i t a t i o n .  Comparison of f i g .  5.11 and f i g .  5.5 i n d i c a t e s  

t h a t  t h e  backward w h i r l  motion was e x c i t e d  i n  a more pure  manner 

t h a n  w a s  t h e  forward w h i r l  motion. 

F u r t h e r  i n s p e c t i o n  of f ig .  5.11 r e v e a l s  t h e  presence of 

peaks  i n  t h e  PSD of t h e  blade response a t  f requencies  o t h e r  than  

t h e  e x c i t a t i o n  frequency urn. These peaks a r e  of  r e l a t i v e l y  low 

ampli tude compared t o  t h e  response forced a t  WFR-  One low 

ampli tude PSD s p i k e  i s  seen  a t  the r o t o r  speed: 19 = 60 H z ,  which 

i s  e x c i t e d  by t h e  mechanisms discussed i n  s e c t i o n  5.2.1.  Two 
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o t h e r  peaks are a l s o  seen ,  one a t  386 Hz and ano the r  w i t h  a 

higher  ampli tude a t  406 H z .  I t  w i l l  be seen  i n  s e c t i o n  5.3 t h a t  

t hese  two response f r equenc ie s  correspond t o  t h e  n = 60 Hz one 

nodal  diameter  blade forward and backward w h i r l  n a t u r a l  

f requencies ,  r e s p e c t i v e l y .  The response  observed a t  t h e s e  system 

n a t u r a l  f r equenc ie s  are probably due t o  broadband background 

n o i s e  e x c i t a t i o n .  The response of t h e  backward w h i r l  mode a t  406 

Hz is  of the  g r e a t e r  ampli tude and i t s  e f f e c t  can be seen a s  a 

bea t ing  s i g n a t u r e  on t h e  time response of t h e  b lades .  By 

con t r ac t ing  t h e  time scale on a s i n g l e  t r a c e  of f i g .  5 .10 ,  t h i s  

bea t ing  can be seen.  Th i s  is shown i n  f i g .  5 . 1 2 ,  where t h e  

response of b lade  displacement  t r ansduce r  # 1 2  is  shown wi th  a t h e  

t i m e  a x i s  c o n t r a c t e d  by a f a c t o r  of f o u r  i n  comparison t o  t h e  

a x i s  i n  f i g .  5.10. T h e  bea t ing  is due t o  t h e  proximity of t h e  

forc ing  frequency ~ F R  = 350 Hz t o  the  n a t u r a l  frequency of  t h e  

one nodal diameter  backward w h i r l  mode ( w g s )  of 406 Hz f o r  a 

r o t o r  speed of  60 Hz. The envelope of t h e  b e a t i n g  s i g n a l  has  a 

frequency o f :  

- w  
FR = 28 Hz - - ‘BB 

2 bea t  w 

which agrees  w e l l  w i t h  t h e  g r a p h i c a l l y  measured b e a t  f requency o f  

29  H z .  

Therefore  i t  can be seen t h a t  t h e  s igna l - to -no i se  r a t i o  of 

t h e  backward w h i r l  b lade  response compared t o  b lade  response  a t  

o t h e r  f requencies  is  on t h e  o r d e r  of t e n ,  much g r e a t e r  t han  t h a t  

obtained f o r  t h e  forward e x c i t a t i o n  case. Therefore  t h e  

e x c i t a t i o n  system is  seen  t o  be very e f f e c t i v e  a t  s e l e c t i v e l y  

e x c i t i n g  backward w h i r l  response and somewhat less e f f e c t i v e  f o r  

forward wh i r l .  
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5.3) Whirl  Spectral Data 

I n  o r d e r  t o  determine t h e  n a t u r a l  f r e q u e n c i e s  of w h i r l  f o r  

t h e  r o t o r  a t  speed,  t h e  s i g n a l s  recorded on t h e  HP 3960 r e c o r d e r  

were analyzed i n  t h e  frequency domain. Two of  t h e  f o u r  r e c o r d e r  

channels  were t h e  f o r c e  t ransducer  s i g n a l s  r e p r e s e n t i n g  t h e  

c o n t r o l l e d  e x c i t a t i o n  a p p l i e d  t o  t h e  system. The two o t h e r  

channnels  were two of t h e  b lade  p i e z o e l e c t r i c  displacement  

t r a n s d u c e r s  which r e p r e s e n t e d  the response of t h e  system t o  t h e  

s h a k e r  i n p u t .  These t a p e  recorded s i g n a l s  were t h e  most u s e f u l  of 

t h e  d a t a  because they  were continuous records of t h e  i n p u t  t o  and 

t h e  response  of t h e  r o t o r  system. I n  c o n t r a s t ,  t h e  A/D d a t a  

provided only  a "snapshot" of the  r o t o r  s t a t e  a t  one i n s t a n t -  

aneous f o r c i n g  frequency. By transforming t h e  t a p e  recorded data  

i n t o  t h e  frequency domain, t h e  s y s t e m  t r a n s f e r  f u n c t i o n s  could  be 

i n f e r r e d  as  a f u n c t i o n  of rotor speed and w h i r l  d i r e c t i o n .  These  

peaks i n  t h e  blade response t r a n s f e r  f u n c t i o n s  were used t o  

d e f i n e  t h e  n a t u r a l  f r e q u e n c i e s  of t h e  r o t o r .  

5.3.1) S p e c t r a l  Data Reduction Scheme 

The t ransformat ion  of t h e  d a t a  t o  the  frequency domain was 

achieved  by p l a y i n g  back t h e  t ape  recorded d a t a  i n t o  t h e  HP 3 5 8 2 A  

spectrum analyzer .  The spectrum analyzer  performs f a s t  F o u r i e r  

t ransforms (FFT) upon i t s  i n p u t  and provides  g r a p h i c a l  d i s p l a y  of 

t h e  FFT magnitude r e c o r d  on i t s  video d i s p l a y .  The FFT r e c o r d  

could  a l s o  be r e a d  from t h e  spectrum a n a l y z e r  over  an IEEE-488 

bus i n t o  a n  IBM P e r s o n a l  Computer f o r  s t o r a g e  and subsequent  

p l o t t i n g .  S i n c e  t h e  spectrum analyzer  had o n l y  t w o  channels ,  

o n l y  one f o r c e  t r a n s d u c e r  and blade displacement  t r a n s d u c e r  

s i g n a l  were transformed i n t o  t h e  frequency domain. 

T h i s  procedure allowed f o r  a n  input -output  t r a n s f e r  

f u n c t i o n  t o  be c o n s t r u c t e d  by p l o t t i n g  the  r e l e v a n t  peak i n  t h e  

FFT o f  t h e  b lade  displacement  response as  a f u n c t i o n  of t h e  

f o r c i n g  frequency. For  a p a r t i c u l a r  blade response FFT, t h e  
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corresponding e x c i t a t i o n  frequency was determined from a 

simultaneous FFT of  t h e  f o r c e  t r a n s d u c e r  s i g n a l .  A s  d i s c u s s e d  i n  

sec t ion  3.3 and summarized i n  fig. 3.5, t h e r e  is  a frequency 

s h i f t  i n  t h e  e x c i t a t i o n  sensed  by t h e  r o t a t i n g  assembly compared 

t o  the f o r c i n g  frequency e x e r t e d  on t h e  nonro ta t ing  b e a r i n g  

housing. Therefore  t h e  system e x c i t a t i o n ,  which is  measured i n  

t h e  nonro ta t ing  frame of  r e f e r e n c e  by t h e  f o r c e  t r a n s d u c e r s ,  must 

be s h i f t e d  i n  t h e  frequency domain i n  o r d e r  t o  determine t h e  

s p e c t r a l  c o n t e n t  of t h e  f o r c i n g  i n p u t  t o  t h e  r o t a t i n g  system. 

The frequency domain data r e d u c t i o n  scheme is  summarized 

i n  f i g .  5.13. For  a p a r t i c u l a r  t e s t  case t h e  r o t o r  speed n and 

t h e  w h i r l  e x c i t a t i o n  phase angle  41 are  held cons tan t .  The f o r c i n g  

frequency is  swept a t  a r e l a t i v e l y  low r a t e  i n  comparison t o  t h e  

frequencies  being e x c i t e d .  Therefore  dur ing  a d a t a  sampling 

window f o r  t h e  spectrum a n a l y z e r ,  t h e  f o r c i n g  frequency urn w a s  

e s s e n t i a l l y  cons tan t .  T h i s  is i l l u s t r a t e d  i n  f i g .  5.13a where t h e  

t i m e  record of t h e  s h a k e r  o u t p u t  is  shown. A s imultaneous sample 

o f  the blade response s i g n a l  o v e r  t h e  same sample window is  shown 

i n  f i g .  5.13b. The f o r c e  t r a n s d u c e r  s i g n a l  of f i g .  5.13a i s  

transformed by t h e  spectrum a n a l y z e r  i n t o  t h e  FFT p l o t  of  f i g .  

5 . 1 3 ~ .  The f o r c i n g  FFT p lo t s  are  t y p i c a l l y  c h a r a c t e r i z e d  by a 

s i n g l e  c l e a n  peak a t  t h e  shaker  f o r c i n g  frequency of u r n  and,  

s i n c e  the amplitude of t h e  f o r c i n g  i s  maintained c o n s t a n t  d u r i n g  

a sweep, t h e  ampli tude of t h e  FFT peak i s  c o n s t a n t  over  t h e  

s e q u e n t i a l  sample windows. The corresponding blade response  FFT 

is shown i n  f i g .  5.13d. I n  t h e  example shown, t h e  case of forward 

w h i r l  e x c i t a t i o n  i s  d e p i c t e d ,  t h e r e f o r e  t h e  desired response  i s  

expected a t  WFR = uFN-Q. Again t h e  frequency components of  

t h e  blade s i g n a l s  a r e  r e f e r r e d  t o  t h e  r o t o r  frame and t h e  

frequency components of  t h e  f o r c e  t r a n s d u c e r  s i g n a l s  a r e  w i t h  

r e s p e c t  t o  t h e  n o n r o t a t i n g  o r  i n e r t i a l  frame. A s  d i s c u s s e d  i n  

s e c t i o n  5.3 t h e r e  a r e  o t h e r  f requency components i n  t h e  b lade  

response,  s p e c i f i c a l l y  a t  harmonics of t h e  r o t o r  speed,  u r n ,  
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and t h e  undes i r ed  w h i r l  d i r e c t i o n  ( i n  t h i s  ca se  a t  w m + Q ) .  

As the  window over  which the FFT samples a r e  taken i s  

s h i f t e d  a long  t h e  time a x i s  of f i g u r e s  5.13a and 5.13b, t he  

f o r c i n g  frequency i n c r e a s e s  according t o  t h e  sweep r a t e  commanded 

by t h e  f u n c t i o n  gene ra to r s  a t  the t i m e  of  t he  t e s t .  By 

s e q u e n t i a l l y  performing FFT's on t h e  shaker  fo rce  and blade 

response s i g n a l s ,  t he  s p e c t r a l  cascade p l o t s  of f i g u r e s  5.13e and 

5.13f a r e  produced. The cascade p l o t  of t h e  shaker  fo rc ing  i n p u t ,  

f i g .  5.13e,  shows t h e  sweeping fo rc ing  frequency u r n  a s  a c l ean  

frequency component peak t h a t  t r a n s l a t e s  a long  the  frequency a x i s  

accord ing  t o  t h e  sweep r a t e .  The d e s i r e d  blade response frequency 

component, i n  t h i s  example t h e  forward w h i r l  component a t  UFR = 

u m - Q ,  a l s o  t r a n s l a t e s  a long  t h e  frequency a x i s  of the  cascade 

p l o t  of f i g .  5 .13f .  The amplitude of t h e  blade frequency 

component corresponding t o  t h e  t a r g e t  response of forward w h i r l  

i s  then  p l o t t e d  a s  a func t ion  of e x c i t a t i o n  frequency U F R ,  

r e f e r r e d  t o  t h e  r o t o r  frame. Since t h e  ampli tude of t he  

e x c i t a t i o n  was cons t an t  over  a sweep, a blade response t r a n s f e r  

f u n c t i o n  such as f i g .  5.13g can be cons tuc ted  by p l o t t i n g  t h e  

ampl i tude  of t h e  F o u r i e r  component a t  ~ F R  versus  the  e x c i t a t i o n  

frequency w F R .  The peaks i n  t h e  t r a n s f e r  func t ion  a r e  assumed 

t o  correspond t o  n a t u r a l  f requencies  of t h e  r o t o r  system, a t  t h e  

g iven  s e t  of r o t o r  speed and  wh i r l  phas ing  cond i t ions .  

Because each tes t  is performed a t  a cons t an t  shaker  phase 

ang le  4 ,  then only th ree  of t he  s i x  system modes should be 

e x c i t e d  by t h e  f o r c i n g  sweep. The modes t h a t  a r e  e x c i t e d  a r e  

t h o s e  w i t h  mode shapes of whose d i r e c t i o n  correspond t o  t h a t  of 

t h e  w h i r l  e x c i t a t i o n .  Also,  because each t e s t  is performed a t  a 

c o n s t a n t  r o t o r  speed,  t h e  t r a n s f e r  f u n c t i o n  p l o t  occurs  a long  a 

c o n s t a n t  speed ( v e r t i c a l )  l i n e  i n  a system response p l o t  such a s  

f i g .  4.3. This  is  shown f o r  t h e  forward w h i r l  case i n  f i g .  5.13h, 

where t h e  t r a n s f e r  func t ion  is ove rp lo t t ed  as  a v e r t i c a l  t r a c e  on 

t h e  system n a t u r a l  frequency p l o t .  The peaks of t h e  t r a n s f e r  
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funct ion p l o t  d e f i n e  t h e  system n a t u r a l  f requencies  f o r  those  

p a r t i c u l a r  t e s t  condi t ions .  By vary ing  t h e  rotor speed and 

performing t e s t s  w i t h  t h e  s h a k e r s  phased f o r  both forward and 

backward w h i r l ,  t h e  exper imenta l  system n a t u r a l  frequency ( i n  t h e  

r o t o r  frame) p l o t  can be cons t ruc ted .  This  d a t a  reduct ion  scheme 

w i l l  be a p p l i e d  t o  t h e  forward w h i r l  e x c i t a t i o n  d a t a ,  then  t o  t h e  

backward w h i r l  e x c i t a t i o n  d a t a  i n  t h e  n e x t  two subsec t ions .  The 

r e s u l t s  of t h e  d a t a  a n a l y s i s  w i l l  be o v e r p l o t t e d  on a system 

n a t u r a l  frequency p l o t  and t a b u l a t e d  i n  Appendix A .  

5.3.2) Forward Whirl  S p e c t r a l  Data 

The s p e c t r a l  response d a t a  from t h e  forward e x c i t a t i o n  

tests w i l l  be examined by a n a l y z i n g  t h e  HP 3960 t ape  r e c o r d e r  

d a t a  according t o  t h e  procedure o u t l i n e d  i n  t h e  p r e v i o u s  

subsect ion.  The d a t a  w i l l  be p r e s e n t e d  i n  t h e  form o f  cascade 

p l o t s  of t h e  blade response power s p e c t r a l  d e n s i t y  a s  i n  f i g  

5.14. Each t r a c e  on t h e  cascade p l o t  corresponds t o  a s i n g l e  

e x c i t a t i o n  frequency W F R ,  which is r e f e r r e d  t o  t h e  r o t o r  frame. 

A l l  of t h e  traces on a g iven  cascade p l o t  a r e  f o r  t h e  same r o t o r  

speed and w h i r l  phasing. The range of exper imenta l ly  a p p l i e d  

e x c i t a t i o n  f r e q u e n c i e s  f o r  some of t h e  forward w h i r l  d a t a  a r e  

g r a p h i c a l l y  shown a s  v e r t i c a l  b a r s  on t h e  p r e d i c t e d  system 

frequency p l o t  shown i n  f i g .  5.27. 

The cascade p l o t  of f i g .  5.14 d e p i c t s  t h e  blade spectral  

response f o r  t h e  c a s e  of a r o t o r  speed of n = 30 Hz, forward 

w h i r l  shaker  phasing,  and an  e x c i t a t i o n  frequency range of 

uFR = 365 t o  397 Hz. T h i s  range of  e x c i t a t i o n  is i n  t h e  

neighbourhood of t h e  b lade  one nodal  d iameter  forward w h i r l  mode 

a t  t h i s  speed and i s  g r a p h i c a l l y  shown on t h e  system frequency 

p l o t  of f i g .  5.27. The traces of  t h e  cascade p l o t  of f i g .  5.14 

show t h a t  t h e  blade response  c o n t a i n s  a dominant f requency 

component a t  t h e  d e s i r e d  response ,  uFR,  and a s m a l l e r  response  

a t  urn. The response peak a t  uFR is a maximum f o r  t h e  
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e x c i t a t i o n  frequency trace of UFR = 379 Hz and t h e  s i g n a l - t o -  

no i se  r a t i o  of t he  d e s i r e d  response frequency component is abou t  

f o u r  f o r  t h a t  trace. Upon inspec t ion  of t he  d a t a  a t  s m a l l e r  

i n t e r v a l s  of e x c i t a t i o n  frequency,  a more precise l o c a t i o n  

of t he  b lade  one nodal  forward w h i r l  mode a t  n = 30 Hz is  found 

t o  be a t  378 Hz. This  p rov ides  one d a t a  p o i n t  f o r  t h e  system 

n a t u r a l  frequency p l o t  of  f i g .  5.37. 

T h e  cascade p l o t  of t l g .  5 . i 4  is summarized. i n  t h e  system 

t r a n s f e r  func t ion  p l o t  of f i g .  5.15. The p l o t  d e p i c t s  b lade  

response amplitude as  a func t ion  of f o r c i n g  frequency WFR f o r  a 

c o n s t a n t  f o r c i n g  ampl i tude ,  r o t o r  speed, and w h i r l  phas ing  

d i r e c t i o n .  Only t h e  two h ighe r  forward w h i r l  modes are shown, 

s i n c e  t h e  d i s k  r i g i d  body t r a n s l a t i o n  mode appears  below t h e  

frequency range of f i g .  5.15. The r e sonan t  peak f o r  forward w h i r l  

b lade  one nodal diameter  motion a t  378 Hz is  very s h a r p  

i n d i c a t i n g  t h a t  t he  o b s e r v a b i l i t y  of t h e  blade modes is 

r e l a t i v e l y  much g r e a t e r  than t h a t  of  t h e  d i s k  r i g i d  body modes. 

I n  f a c t  t he  blade response t o  t h e  d i s k  forward w h i r l  r i g i d  body 

p i t c h i n g  modes has such a low s igna l - to-noise  r a t i o  t h a t  i t  w a s  

very d i f f i c u l t  t o  determine t h e  experimental  n a t u r a l  f r equenc ie s  

of t h i s  mode. Therefore  t h i s  mode does no t  appear  i n  t h e  

exper imenta l  d a t a  o v e r p l o t  on the system n a t u r a l  f requency p l o t  

of f i g .  5.37. A s  w i l l  be seen  i n  t h i s  s e c t i o n ,  t he  d i s k  forward 

w h i r l  r i g i d  body t r a n s l a t i o n  modes were d i s c e r n a b l e  only  a f t e r  

c a r e f u l  i n spec t ion  of t h e  data because of t he  poor s i g n a l - t o  

n o i s e  r a t i o  of t h e  b lade  response a t  t h a t  frequency range. 

The d i f f e r e n c e  i n  amplitude w i t h i n  the  t r a n s f e r  f u n c t i o n  

p l o t s  such as f i g .  5.15 is pr imar i ly  because t h e  s e n s o r s  used t o  

monitor  t h e  system response  were p i e z o e l e c t r i c  displacement  

t r a n s d u c e r s  The t r ansduce r s  a r e  s p e c i f i c a l l y  s e n s i t i v e  t o  b lade  

motion, hence blade displacement  modes a r e  more observable  than  

the  d i s k  r i g i d  body t r a n s l a t i o n  and p i t c h i n g  modes. Th i s  

d i f f e r e n c e  i n  t h e  o b s e r v a b i l i t y  of t h e  blade displacement  and 
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d i s k  r i g i d  body motion w i l l  be appa ren t  i n  a l l  t h e  r o t a t i n g  d a t a ,  

and i t  w i l l  a f f e c t  t h e  a b i l i t y  t o  d e t e c t  t h e  d i s k  r i g i d  body 

modes with a high degree of c e r t a i n t y .  

The cascade p l o t  of blade response  f o r  t he  case of :  

forward w h i r l  e x c i t a t i o n ,  r o t o r  speed Q = 60 Hz (3600 rpm), and 

e x c i t a t i o n  frequency range of  WFR = 130 Hz t o  172 Hz i s  shown 

i n  f i g .  5.16. The r o t o r  o p e r a t i n g  p o i n t  and e x c i t a t i o n  range 

corresponding t o  t h i s  cascade p l o t  are ske tched  on t h e  system 

frequency p l o t  of f i g .  5.27. This  cascade p l o t  con ta ins  many 

frequency components o t h e r  t han  t h e  t a r g e t  forced  response a t  

uFR = w m - i 2 .  The s p e c t r a  show response peaks a t  the  

f requencies  urn and a t  um+R,  t he  frequency a t  which  a 

backward e x c i t a t i o n  would appear.  These undesired response peaks 

are of ten of l a r g e r  amplitude than t h e  d e s i r e d  forward w h i r l  

response,  i n d i c a t i n g  t h a t  a poor s igna l - to -no i se  r a t i o  was 

achieved. Harmonics of t he  r o t o r  speed R a l s o  appear ,  with the  

f o u r t h  harmonic response approaching 30% of t h e  amplitude of t h e  

forward w h i r l  forced  response.  I n  s p i t e  of the  d i f f i c u l t y  i n  

a t t a i n i n g  a pure forward response p a t t e r n ,  a peak i n  the  forward 

w h i r l  cascade p l o t  is seen on t h e  t r a c e  corresponding t o  the  

e x c i t a t i o n  frequency = 150 H z .  F u r t h e r  a n a l y s i s  of t h e  

tape  recorder  d a t a  i n d i c a t e  t h a t  t h e  exac t  p o s i t i o n  of t h e  peak 

response occurs  between t h e  spectrum t r a c e s  of ~ F R  = 144 Hz and 

150 H z ,  s p e c i f i c a l l y  a t  uFR = 146 Hz. Therefore  t h i s  is t h e  

n a t u r a l  frequency of the  d i sk  r i g i d  body t r a n s l a t i o n  mode a t  a 

r o t o r  speed of a = 60 Hz. 

The cascade p l o t  corresponding t o  t h e  same o p e r a t i n g  

condi t ions  (forward w h i r l  and R = 60 Hz) as f i g .  5.16, bu t  a t  t he  

h ighe r  e x c i t a t i o n  frequency range of ~ F R  = 374 Hz t o  402 Hz i s  

shown i n  f i g .  5.17. This  e x c i t a t i o n  frequency range i s  in t h e  

neighbourhood of t he  blade one nodal  d iameter  forward v h i r l  mode. 

The response of t he  blade is seen t o  be much c l e a n e r  than i n  f i g .  

5 .16 ,  w i t h  t he  peaks corresponding t o  0 F R  being the  only 
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s i g n i f i c a n t  ones an2 t h e  response ampli tudes are of much h i g h e r  

ampli tude a s  can be seen  i n  t h e  t r a n s f e r  func t ion  p l o t  of f i g .  

5.18. I n  t h e  cascade p l o t  of f i g .  5.17, the  resonance peak can be 

seen  on t h e  wFR = 386 Hz trace. This corresponds e x a c t l y  wi th  

the  peak on t h e  t r a n s f e r  func t ion  p l o t  which was determined a t  

much f i n e r  i n t e r v a l s  of e x c i t a t i o n  frequency. Therefore  t h e  b lade  

one nodal  d iameter  forward w h i r l  mode is  seen t o  occur  a t  a 

f requency or 386 H z ,  i n  the ro to r  frame of r e fe rence .  Again, 

t h i s  h ighe r  response ampli tude of t h e  blade one nodal d i ame te r  

modes is due t o  t h e i r  h igher  o b s e r v a b i l i t y  than t h e  d i s k  r i g i d  

body dominated modes. 

Another example of a cascade p l o t  i n  t h e  neighbourhood of  

t h e  d i s k  r i g i d  body t r a n s l a t i o n  dominated mode is shown i n  f i g .  

5.19. This  p l o t  corresponds t o  the case of forward w h i r l  

e x c i t a t i o n  of t h e  r o t o r  a t  a speed nea r  R = 90 Hz, s p e c i f i c a l l y  

91.3 Hz. The s p e c t r a l  con ten t  of t h i s  cascade p l o t  is s i m i l a r  t o  

t h a t  seen i n  f i g .  5 .16,  the  previous forward w h i r l  cascade p l o t  

i n  t h e  v i c i n i t y  of a d i s k  r i g i d  body dominated mode. The 

response a t  t h e  t a r g e t  forward w h i r l  frequency i s  seen t o  occur  

a t  a s l i g h t l y  lower ampli tude than t h e  responses  a t  S J ~  and 

w m + ~ .  There is a l s o  an apprec iab le  amplitude of response a t  

harmonics of t h e  r o t o r  speed. Therefore a poor s igna l - to -no i se  

r a t i o  was achieved i n  d r i v i n g  the t a r g e t  response frequency.  The 

forward response  does peak i n  t h e  v i c i n i t y  of t h e  1 1 2  Hz t race,  

s p e c i f i c a l l y  a t  u F R  = 114 Hz. t he re fo re  the  d i sk  forward w h i r l  

r i g i d  body d i s k  t r a n s a l t i o n  mode a t  a r o t o r  speed n = 91.3 Hz is 

determined t o  be 114 Hz i n  t h e  r o t o r  frame of r e fe rence .  The 

blade response  t r a n s f e r  func t ion  p l o t  f o r  t h i s  case  of a r o t o r  

speed Q = 90 Hz (91.3 Hz) and forward wh i r l  phasing is shown i n  

f i g .  5.20. 

Forward w h i r l  response cascade p l o t s  f o r  t h e  r o t o r  speed 

of  R = 120 Hz and the  e x c i t a t i o n  ranges  of WFR = 73 HZ t o  99 Hz 
and wFR = 444 Hz t o  468 Hz a r e  shown i n  f i g u r e s  5.21 and 5.22 
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r e s p e c t i v e l y .  F igure  5.21 d e p i c t s  t h e  blade s p e c t r a l  response  i n  

t h e  neighbourhood of t h e  d i s k  r i g i d  body t r a n s l a t i o n  dominated 

mode. As i s  t y p i c a l  of t h e  lower d i s k  modes, t h e  response a t  t h e  

undesired response frequency WFN is of l a r g e r  amplitude 

r e l a t i v e  t o  t h e  t a r g e t  response  frequency WFR = wm-R. Also,  

harmonics of t h e  r o t o r  speed n appear  i n  t h e  s p e c t r a l  c o n t e n t  of 

t he  blade response.  These u n d e s i r e d  response f requencies  combine 

t o  r e s u l t  i n  a poor s i g n a l - t o - n o i s e  r a t i o .  The peak i n  t h e  

response a t  uFR is  seen  i n  t h e  v i c i n i t y  of t h e  85 Hz trace. 

Fur ther  i n s p e c t i o n  a t  smaller e x c i t a t i o n  frequency increments  

y i e l d s  a resonant  f requency f o r  t h e  forward w h i r l  d i s k  r i g i d  body 

t r a n s l a t i o n  dominated mode of  84 Hz, a s  seen i n  t h e  t r a n s f e r  

func t ion  p l o t  of f i g .  5.23. Figure 5.22 d e p i c t s  t h e  response i n  

t h e  v i c i n i t y  of the  blade one nodal  d iameter  forward w h i r l  mode. 

I n  a d d i t i o n  t o  t h e  response  a t  U F R ,  a s i g n i f i c a n t  response a t  

t h e  t h i r d  and f o u r t h  harmonics of t h e  r o t o r  speed a r e  seen. The 

spectra i n d i c a t e  a resonance i n  t h e  neighbourhood of UFR = 

456Hz, and upon c l o s e r  i n s p e c t i o n  t h e  one nodal  diameter  forward 

w h i r l  blade mode is  seen  a t  454 Hz a s  shown i n  t h e  t r a n s f e r  

func t ion  of  f i g .  5.24. T h i s  resonance is  a l s o  seen  t o  be e x c i t e d  

by broadband background e x c i t a t i o n  d u r i n g  t h e  experiment a s  can 

be seen on t h e  ~ J F R  = 476 Hz t r a c e  of f i g .  5.22. 

The d i s k  r i g i d  body t r a n s l a t i o n  dominated mode cascade 

p l o t  f o r  t h e  forward w h i r l ,  R = 150 Hz case is shown i n  f i g .  

5.25. I t  can be seen  from t h e  p l o t  t h a t  t h e  s i g n a l - t o - n o i s e  r a t i o  

of t h e  d e s i r e d  response i s  decreased  by t h e  presence of f requency  

components a t  urn and a t  1 ~ .  The peak response a t  the  forward 

frequency i s  seen  n e a r  u F R  = 62 H z .  The t r a n s f e r  f u n c t i o n  

corresponds t o  t h i s  range of e x c i t a t i o n  frequency is  seen  i n  f i g .  

5.26, where t h e  more p r e c i s e  l o c a t i o n  of t h e  forward w h i r l  d i s k  

r i g i d  body t r a n s l a t i o n  mode is s e e n  a t  60  Hz. 

The o p e r a t i n g  p o i n t s  f o r  t h e  s p e c t r a l  response d a t a  t o  

t h e  forc ing  sweeps are  a l l  depicted g r a p h i c a l l y  i n  f i g .  5.27. 
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The c o r r e l a t i o n  of t he  exper imenta l ly  determined n a t u r a l  

f r equenc ie s  t o  those  p r e d i c t e d  by t h e  model developed i n  

Chapter 2 w i l l  be d i s c u s s e d  i n  Sect ion 5.4. 

5.3.3 1 Backward W h i r l  S p e c t r a l  Data 

The cascade p l o t  s p e c t r a l  da t a  and b lade  response  

t r a n s f e r  func t ion  r e s u l t s  of some of t h e  backward w h i r l  t e s t s  
y I ~ I I  ~= "e ~L=J",,ccu i;l &I.:- -..L---*<-.. rnL- A**.--.+-.3*" ..*4-+ 3 ,nA 

e x c i t a t i o n  range t h a t  corresponds t o  each cascade p l o t  w i l l  be 

o v e r p l o t t e d  on a system n a t u r a l  frequency p l o t  i n  f i g .  5.36. 

C111.3 aUUPSCCA.V... L I L r  VyLA.UCI..t) p w a . ~ s -  - a & -  
--:,. L -  L ^  ------ *-a * 

The cascade p l o t  f o r  t h e  case o f :  backward w h i r l  

e x c i t a t i o n ,  a r o t o r  speed R = 5 Hz, and an e x c i t a t i o n  i n  t h e  

range of t he  d i s k  r i g i d  body p i t ch ing  mode is shown i n  f i g .  5.28. 

The s p e c t r a l  c o n t e n t  of each of t h e  t r a c e s  is e s s e n t i a l l y  a pure  

backward w h i r l  response  a t  WFR = um+Q. The r e sonan t  peak is 

seen t o  occur  i n  t h e  v i c i n i t y  of the  w F R  = 332 Hz t r a c e .  

F u r t h e r  a n a l y s i s  of t h e  t ape  recorded d a t a  a t  smaller e x c i t a t i o n  

frequency increments  show a peak response a t  o F ~  = 331 Hz. The 

cascade p l o t  f o r  t h e  e x c i t a t i o n  range i n  t h e  v i c i n i t y  of t h e  

blade one nodal  d iameter  backward w h i r l  node i s  seen  i n  f i g .  

5.29. Again, a r e l a t i v e l y  pu re  blade s p e c t r a l  response i s  seen  

wi th  t h e  one nodal  d iameter  blade mode resonant  peak occur ing  i n  

t h e  v i c i n i t y  of 389 Hz. 

The cascade p l o t s  f o r  t h e  Q = 60  Hz backward w h i r l  d i s k  

r i g i d  body t r a n s l a t i o n  and one noda l  diameter  blade modes are  

shown i n  f i g u r e s  5.30 and 5.31, r e spec t ive ly .  The s p e c t r a  c o n t a i n  

evidence of undes i red  response  a t  WFN-R and u r n ,  bu t  t he  

t a r g e t  backward w h i r l  response  a t u F R  = wm+Q occurs  a t  a 

much improved s igna l - to -no i se  r a t i o  compared t o  t h e  d e s i r e d  

response  obta ined  f o r  t h e  forward w h i r l  e x c i t a t i o n  case. The 

cascade p l o t  i n  f i g .  5.30 i n d i c a t e s  t h a t  t h e  r e sonan t  f requency 

f o r  t h e  d i s k  r i g i d  body t r a n s l a t i o n  mode occurs  i n  the  v i c i n i t y  

of wFR = 279 H z .  Upon a more d e t a i l e d  in spec t ion  of t h e  t a p e  
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d a t a ,  an i d e n t i c a l  n a t u r a l  frequency is obtained.  F igure  5.31 

i n d i c a t e s  t h a t  t h e  b lade  one nodal  diameter  n a t u r a l  f requency 

appears i n  v i c i n i t y  of WFR = 405 Hz, which is  very  c l o s e  t o  

t h e  frequency of  406 Hz obta ined  upon a more d e t a i l e d  i n s p e c t i o n  

of the data. The b lade  response t r a n s f e r  f u n c t i o n  f o r  t h e  = 

60 Hz backward w h i r l  case is shown i n  f i g .  5.32. 

The cascade p l o t s  f o r  t h e  h i g h e s t  r o t o r  speed t e s t e d ,  

R = 150 Hz a r e  shown i n  f i g u r e s  5.33 and 5.34. Both p l o t s  show 

r e l a t i v e l y  pure  backward w h i r l  forced  response w i t h  n e g l i g i b l e  

amplitudes of  response  a t  urn. In  t h e  range of t h e  frequency 

s c a l e s  used i n  t h e  f i g u r e s ,  t h e  forward w h i r l  f requency w m - a  

response noise  does n o t  appea r ,  but  it is also of n e g l i g i b l e  

amplitude. However i n  both f i g u r e s  t h e r e  is  evidence of  a small  

amplitude response a t  harmonics of  t h e  r o t o r  speed R .  F i g u r e  

5.33, which corresponds t o  t h e  e x c i t a t i o n  range f o r  t h e  d i s k  

r i g i d  body t r a n s l a t i o n  dominated mode, i n d i c a t e s  t h a t  t h e  

resonant f requency o c c u r s  i n  t h e  v i c i n i t y  of 365 Hz. A more 

d e t a i l e d  i n s p e c t i o n  of t h e  t a p e  recorded d a t a  i n d i c a t e s  t h a t  t h e  

more prec ise  l o c a t i o n  of t h e  mode is a t  364 Hz. The e x c i t a t i o n  

range spanned by t h e  response  t r a c e s  i n  f i g .  5.34 i n c l u d e s  t h e  

blade one nodal  d iameter  mode, whose n a t u r a l  f requency i s  seen  t o  

occur  near 461 Hz. A more d e t a i l e d  d a t a  r e d u c t i o n  ind ica tes  t h a t  

t h e  mode a c t u a l l y  o c c u r s  a t  462 Hz. The blade response  t r a n s f e r  

funct ion f o r  t h e  a = 150 Hz case is shown i n  f i g .  5.35. 

The blade response  has  been examined i n  t h e  frequency 

domain f o r  bo th  forward and backward w h i r l  e x c i t a t i o n .  I n  g e n e r a l  

i t  was ev ident  t h a t  i t  w a s  p o s s i b l e  t o  e x c i t e  a more p u r e  

backward w h i r l  response  compared t o  t h a t  ob ta ined  f o r  forward 

whi r l .  The r e g i o n s  of e x c i t a t i o n  d i s c u s s e d  i n  sect ion 5.3 where 

out l ined  on t h e  system frequency p l o t s  o f  f i g u r e s  5.27 and 5.36. 

From these d a t a  and t h e  o t h e r  t e s t s  whose d a t a  were n o t  d e t a i e d  

s p e c i f i c a l l y ,  t h e  exper imenta l ly  determined system frequency p l o t  

of f i g .  5.37 is obta ined .  The exper imenta l  n a t u r a l  f r e q u e n c i e s  



a r e  o v e r p l o t t e d  on those  p red ic t ed  by the  6 DOF model described 

i n  Chapter  2 .  The c o r r e l a t i o n  between t h e  experimental  and 

p r e d i c t e d  r e s u l t s  w i l l  be examined i n  t h e  next  s e c t i o n .  

5 . 4 )  C o r r e l a t i o n  of Experimental  Resu l t s  with the  Model 

P r e d i c t i o n s  

I n  t h i s  s e c t i o n  t h e  c o r r e l a t i o n  between t h e  system 

n a t u r a l  f r equenc ie s  t h a t  were experimental ly  determined and 

those  p r e d i c t e d  by the  a n a l y t i c a l  model of chap te r  2 w i l l  be 

d iscussed .  The agreement between the experimental  and t h e  

p r e d i c t e d  and exper imenta l  r e s u l t s  is  reasonable  and shows t h e  

c o r r e c t  t r e n d s  i n  dynamic behaviour,  given the  u n c e r t a i n t y  i n  

c h a r a c t e r i z i n g  the  system s t i f f n e s s  parameters  r equ i r ed  a s  i n p u t  

f o r  t h e  model. 

T h e  system n a t u r a l  f requencies  determined by t h e  6 DOF 

model of eqn. ( 2 . 1 . 7 )  have been used a s  a p r e d i c t i o n  of t h e  

dynamic behaviour  of t h e  shaf t -b laded  d i s k  system. The most 

r e f i n e d  s t i f f n e s s  f i t ,  t h a t  is t h e  f i t  t h a t  c o r r e l a t e d  b e s t  w i t h  

t he  nonro ta t ing  modal d a t a ,  w a s  used a s  i npu t  t o  t h e  system 

equa t ions  of motion ( 2 . 1 . 7 ) .  These s t i f f n e s s  d a t a  a r e  t a b u l a t e d  

i n  column ( c )  of Table A.2 .  The i n e r t i a l  p r o p e r t i e s  of t h e  r o t o r ,  

which a r e  l i s t e d  i n  Appendix A ,  were a l s o  used. T h e  r e s u l t a n t  

r o t o r  dynamic behavior  is  shown i n  f i g .  5 .37 .  The comparison 

between t h e  n = 0 n a t u r a l  f requencies  p red ic t ed  by the  model w i t h  

t he  improved s t i f f n e s s  f i t  of f i g .  5 . 3 7  and the  expe r imen ta l ly  

measured f r e q u e n c i e s  are shown i n  Tab le  5 . 4 . 1 .  
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Table 5 . 4 . 1  Comparison of Q = 0 P r e d i c t e d  and 

Experimental N a t u r a l  Frequencies  

Mode P r e d i c t e d  Measured 

Low Disk T r a n s l a t i o n  Dominated 222.5 Hz 222 Hz 

High Disk P i t c h  Dominated 

Blade One Nodal Diameter 

311.3 Hz 325 H z  

394.5 Hz 388 Hz 

I t  can be seen t h a t  t h e  h igh  d i s k  p i t c h  mode is p r e d i c t e d  t o  

occur a t  a frequency lower than  t h a t  measured. I t  can a l s o  be 

seen  t h a t  t h e  n = 0 blade one nodal  diameter mode i s  p r e d i c t e d  a t  

a higher frequency than  t h a t  measured. The d i s k  t r a n s l a t i o n  mode 

i s  predic ted  a c c u r a t e l y  by t h e  model however. 

The c o r r e l a t i o n  between t h e  p r e d i c t e d  and measured dynamic 

whi r l ing  behaviour of  t h e  MIT A e r o e l a s t i c  r o t o r  a t  speeds up t o  

12 = 150 Hz (9000 rpm) can be seen from f i g .  5.37. The measured 

blade one nodal  diameter  n a t u r a l  f r e q u e n c i e s  c o r r e l a t e  w e l l  w i t h  

t h e  p r e d i c t e d  modes a t  low speeds ,  i n  sp i t e  of t h e  o f f s e t  between 

t h e  two a t  z e r o  r o t o r  speed. A t  r o t o r  speeds above approximately 

90  Hz, t h e  exper imenta l  blade modes c o r r e l a t e d  l e s s  w e l l  and were 

h igher  than those  p r e d i c t e d  by t h e  model. This  i s  an i n d i c a t i o n  

t h a t  t h e  blade c e n t r i f u g a l  s t i f f e n i n g  e f f e c t s  were underes t imated  

i n  t h e  model. The measure of t h i s  b lade  c e n t r i f u g a l  s t i f f e n i n g ,  

t h e  Southwell c o e f i c i e n t  a. which is l i s t e d  i n  Appendix A a s  1 .93,  

is  probably t o o  low. Another f e a t u r e  of t h e  blade modes t h a t  i s  

apparent  i n  f i g .  5.37 is t h e  s l i g h t  s p l i t  i n  t h e  blade forward 

and backward w h i r l  n a t u r a l  f requencies .  This  would n o t  be 

p r e d i c t e d  i n  a convent iona l  r i g i d  s h a f t  model. 

The d i f f i c u l t y  i n  o b t a i n i n g  a good s igna l - to-noise  

r a t i o  f o r  t h e  forward w h i r l  d i s k  r i g i d  body response l e d  t o  

d i f f i c u l t i e s  i n  de te rmining  t h e  forward w h i r l  d i s k  r i g i d  body 

p i t c h  modes above a r o t o r  speed of  30 Hz. Therefore  only t h e  

R = 0 ,  5, 30 Hz forward w h i r l  d i s k  r i g i d  body p i t c h  modes are  

indica ted  on f i g .  5.37. The backward w h i r l  d i s k  r i g i d  body 



p i t c h i n g  modes were e x c i t e d  wi th  a much g r e a t e r  s i g n a l - t o - n o i s e  

r a t i o .  The c o r r e l a t i o n  between the exper imenta l  n a t u r a l  

f r equenc ie s  f o r  t h e  backward w h i r l  d i s k  r i g i d  body p i t c h  modes 

wi th  the  p r e d i c t e d  f r equenc ie s  i n d i c a t e s  t h a t  t h e  measured modes 

occur  a t  h ighe r  f r e q u e n c i e s  than  those p r e d i c t e d  by t h e  model. 

T h i s  is p a r t i a l l y  due to t h e  n = 0 p r e d i c t i o n s  being lower than 

t h e  measured f requency ,  as seen  i n  Table 5 . 4 . 1 .  However t h e  

degree of c e n t r i f u g a l  s t i f f e n i n g  of t he  p i tch  mode seems t o  a l s o  

be underes t imated  by the  model. The exper imenta l  d a t a  a l s o  

i n d i c a t e s  t h a t  t h e  degree  of i n t e r a c t i o n  between the  backward 

w h i r l  d i s k  r i g i d  body p i t c h i n g  motion and t h e  b lade  forward w h i r l  

one nodal  d iameter  motion i s  underest imated by the  model. No 

such i n t e r a c t i o n ,  of cour se ,  would be p r e d i c t e d  by a 

convent iona l  r i g i d  s h a f t  model. 

The  agreement between t h e  experiment and t h e  model f o r  t h e  

d i s k  r i g i d  body t r a n s l a t i o n  mode is very good f o r  low speeds.  

However a t  h igher  r o t o r  speeds ,  the s p l i t  of t h e  d i s k  t r a n s l a t i o n  

modes is underes t imated  by the  model. T h i s  is  because t h e  Q = 0 

d i s k  p i t c h  and t r a n s l a t i o n  modes are  more c l o s e l y  spaced i n  t h e  

model p r e d i c t i o n  than  i n  t h e  experimental  case. Therefore  the  

i n t e r a c t i o n  between t h e  d i s k  t r a n s l a t i o n  and p i t c h  modes is 

overes t imated  i n  t h e  p r e d i c t i o n s  of t he  model. The r e s u l t  of t h i s  

is  t o  p r e d i c t  t h e  backward w h i r l  mode a t  t oo  low a frequency and 

the  forward mode a t  t o o  h igh  a frequency. The exper imenta l  

forward w h i r l  d i s k  t r a n s l a t i o n  data i n d i c a t e s  t h a t  t h e  model 

p r e d i c t s  a c r i t i ca l  speed ( t h e  i n t e r s e c t i o n  of t h e  forward w h i r l  

curve wi th  t h e  a a x i s )  t h a t  is too high,  s p e c i f i c a l l y  around 

235 H z .  E x t r a p o l a t i o n  of t h e  experimental  d a t a  i n d i c a t e s  a n  

a c t u a l  c r i t i c a l  speed o f  approximately 215  Hz. 

Therefore  t h e  r e s u l t s  of the exper imenta l  fo rced  w h i r l  

t e s t i n g  c o r r e l a t e  reasonably  w e l l  wi th  t h e  model g iven  t h e  

u n c e r t a i n t y  of t h e  i n p u t  parameters t o  t h e  p r e d i c t i o n .  The 

p h y s i c a l  coupl ing  phenomena predic ted  i n  t h e  model a r e  c l e a r l y  



6.  Conclusions 

A ser ies  of r o t a t i n g  whi r l  tes ts  have been performed i n  

t h e  vacuum of t h e  M I T  Blowdown Compressor F a c i l i t y  on t h e  MIT 

A e r o e l a s t i c  Rotor ,  which is s t r u c t u r a l l y  t y p i c a l  of  modern high 

bypass r a t i o  c a n t i l e v e r d  turbofan s t a g e s .  The t e s t  s e c t i o n  of 

t h e  F a c i l i t y  was modified t o  i n s t a l l  s:: e l c c t r c ~ e g n e t i c  shaker 

w h i r l  e x c i t a t i o n  system. This  arrangement allowed f o r  dynamic 

t e s t i n g  of t h e  r o t o r  a t  a t  a r b i t r a r y  r o t o r  speed, d i r e c t i o n  of 

w h i r l  e x c i t a t i o n ,  and e x c i t a t i o n  frequency.  Using t h e  23 b lade  

p i e z o e l e c t r i c  displacement  t ransducers  a s  the  primary response 

monitor ing in s t rumen ta t ion ,  the  r o t o r  w a s  e x c i t e d  a t  speed w i t h  

an  e x c i t a t i o n  p a t t e r n  of cons tan t  w h i r l  d i r e c t i o n  and s lowly 

sweeping frequency. The f requencies  a t  which the  d r i v e n  response 

a t t a i n e d  a maximum ampli tude were found as  the  r o t o r  n a t u r a l  

f r e q u e n c i e s  . 
I n  o r d e r  t o  p r e d i c t  t h e  n a t u r a l  f requencies  of  the  MIT AE 

Rotor  a s  i n s t a l l e d  i n  t h e  F a c i l i t y ,  t he  a n a l y t i c a l  model of 

Mokadam [ 5 ]  w a s  modified t o  include t h e  e f f e c t s  of t h e  system 

c e n t e r  of mass n o t  co inc id ing  with t h e  d i s k  c e n t r o i d  f o r  a 

massive s h a f t .  The s t r u c t u r a l  p r o p e r t i e s  of the  r o t o r  were then  

r e q u i r e d  i n  o r d e r  t o  use t h e  model t o  p r e d i c t  t h e  system dynamic 

behavor.  The i n e r t i a l  p r o p e r t i e s  of t he  system were c a l c u l a t e d  

by c a r e f u l  measurements and t h e  u s e  of holographic  b lade  mode 

shape de termina t ion .  Attempts t o  measure t h e  s h a f t  and suppor t  

s t r u c t u r e  s t i f f n e s s e s  by s t a t i c  loading  and displacement  

measurement were unsuccessfu l .  The r e s u l t s  of t h e  s t a t i c  tests 

showed l a r g e  s c a t t e r  and n o n l i n e a r i t y ,  probably due t o  t h e  use  of 

a n g u l a r  c o n t a c t  ba l l  bea r ings  i n  t h e  r o t a t i n g  assembly. 

Therefore  t h e  s h a f t  and suppor t  s t r u c t u r e  s t i f f n e s s e s  were 

determined by a ser ies  of nonro ta t ing  dynamic t e s t i n g  of t he  low 

s h a f t - d i s k  dominated modes. The r e s u l t i n g  dynamic data and 

i n e r t i a l  parameters  were fit  t o  a s imple 2 DOF model of a r i g i d  

77 
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b lade le s s  d i s k  i n  o r d e r  t o  c a l c u l a t e  t h e  e f f e c t i v e  s t i f f n e s s e s  of 

t h e  system. The r e s u l t i n g  s t i f f n e s s e s  were then f u r t h e r  f i t  t o  

t h e  f u l l  6 D O F  w h i r l  a n a l y t i c a l  model i n  o r d e r  t o  o b t a i n  t h e  b e s t  

poss ib l e  f i t  t o  t h e  nonro ta t ing  dynamic measurements. 

With t h e  b e n e f i t  t h e  p r e d i c t e d  n a t u r a l  frequency 

information,  t h e  r o t a t i n g  w h i r l  tes ts  were carried ou t .  Slow 

sweeps of e x c i t a t i o n  frequency were performed a t  cons t an t  r o t o r  

speed and w h i r l  d i r e c t i o n  and the  r e s u l t i n g  b lade  displacement  

d a t a  were ana lyzed  i n  t h e  frequency domain and t h e  fo l lowing  

resu l t s  were observed: 

1 .  The w h i r l  e x c i t a t i o n  system was s u c c e s s f u l  i n  f o r c i n g  t h e  

t a r g e t  w h i r l  response d i r e c t i o n s .  However, t h e  backward 

w h i r l  motion was e x c i t e d  a t  a much g r e a t e r  s igna l - to -no i se  

r a t i o  than  t h e  forward w h i r l  motion. The response of t h e  

system a l s o  inc luded  response a t  harmonics of t h e  r o t o r  

speed n ,  a t  t h e  i n e r t i a l  f o r c i n g  frequency w F N ,  and a t  

u n t a r g e t e d  w h i r l  d i r e c t i o n .  

2 .  The dynamic behavor of t h e  r o t o r  followed the  g e n e r a l  

p r e d i c t i o n s  of t h e  a n a l y t i c a l  model. I n  t h e  r o t o r  frame of 

r e f e r e n c e  t h e  d i s k  r i g i d  body t r a n s l a t i o n  dominated mode 

shows the  s p l i t  i n t o  forward and backward w h i r l  l e g s ,  t h e  

forward w h i r l  curve apporoaching a z e r o  frequency s t a t i c  

d ivergence  a t  t h e  r o t o r  c r i t i c a l  speed.  The r i g i d  body 

p i t c h  dominated modes a l s o  showed some s p l i t t i n g  wi th  

i n c r e a s i n g  r o t o r  speed due t o  the  small  component of 

t r a n s l a t i o n  i n  t h e i r  e igenvec to r s .  The blade one nodal  

d i ame te r  modes e x h i b i t e d  c e n t r i f u g a l  s t i f f e n i n g  b u t  w i th  

a s l i g h t l y  s t r o n g e r  dependence on r o t o r  speed than  

p r e d i c t e d .  t h i s  i n d i c a t e s  t h a t  t h e  Southwell  c o e f f i c i e n t  

may have been underest imated.  

3. The degree  of i n t e r a c t i o n  observed between t h e  bladed 

d i s k  modes w a s  seen  t o  be s t r o n g e r  i n  t h e  exper imenta l  

r e s u l t s  than p r e d i c t e d  by t h e  model. Th i s  is probably  due 
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t o  t h e  u n c e r t a i n t y  assoc ia ted  wi th  t h e  d e t e r m i n a t i o n  of 

t h e  s h a f t  and suppor t  s t r u c t u r e  s t i f f n e s s  p r o p e r t i e s .  

The n o n r o t a t i n g  modal surveys performed i n  o r d e r  t o  

determine t h e  s t i f f n e s s  p r o p e r t i e s  r e v e a l e d  t h a t  t h e  n o n r o t a t i n g  

suppor t  s t r u c t u r e  f o r  t h e  r o t o r  did e x h i b i t  s t i f f n e s s  asymmtries.  

The r o t a t i n g  assembly was found t o  be symmetric i n  i ts dynamic 

behavior ,  a s  would be expected of a p r e c i s i o n  axisymmetr ic  

s t r u c t u r e .  The asymmetry i n  t h e  nonro ta t ing  assembly could  be i n  

p a r t  r e s p o n s i b l e  f o r  t h e  r o t o r  w h i r l  response a t  t h e  i n e r t i a l  

f o r c i n g  frequency urn and a t  t h e  undesired w h i r l  d i r e c t i o n  

frequency. 

F i n a l l y  t h e  nondimensional izat ion of t h e  e q u a t i o n s  of 

motion y i e l d e d  t h e  r e l e v a n t  parameters f o r  e v a l u a t i n g  t h e  

p r o p e n s i t y  f o r ,  and magnitude of i n t e r a c t i o n s  between t h e  

bladed-disk and t h e  s h a f t - d i s k  dynamics. Cons idera t ion  of  a 

r o t o r  w i t h  on ly  t r a n s l a t i o n  o r  p i t c h  d i s k  degrees  of freedom 

y i e l d s  t h e  r e s u l t  t h a t  t h e  e f f e c t  of t h e  Southwell  c o e f f i c i e n t  

being g r e a t e r  than  one (as i t  i s  i n  g a s  t u r b i n e  b l a d i n g )  is t o  

d e c r e a s e  t h e  p r o p e n s i t y  f o r  i n t e r a c t i o n  of t he  s h a f t - d i s k  modes 

w i t h  t h e  bladed-disk modes w i t h  i n c r e a s i n g  r o t o r  speed. 
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Appendix A: S t r u c t u r a l  P r o p e r t i e s  of t h e  MIT A e r o e l a s t i c  Rotor  

i )  Dimensional Parameters  

The i n e r t i a l  p r o p e r t i e s  of t he  e n t i r e  sha f t -d i sk -b lad ing  

assembly wi th  r e s p e c t  t o  a coordinate  system shown i n  f i g .  2.1 

and a system c e n t e r  of mass o f f s e t  from t h e  d i s k  c e n t r o i d  as 

shown i n  f i g .  2.2b a r e :  
= 3 E  4 bn &.a. " 3  ?,? - +-+-=-I -=.?I 

S = a x i a l  mass imbalance = -0.741 kgom 

Ip = t o t a l  r o t o r  moment of i n e r t i a  f o r  

-I_-* ".U"Y cf r c t c r  aasezbly 

p i t c h i n g  about  a d i sk  d iameter  = 0.297 k g * d  

The ho lograph ica l ly  measured blade f i r s t  bending mode 

shape [SI a long  t h e  blade midchord l i n e  y ( r ) ,  was determined 

a s  a f o u r t h  o r d e r  polynomial f i t :  

2 3 
y ( r )  = co + c l r  + c 2 r  + c j r  + cIr4 

A c a r e f u l  process  of l a y i n g  ou t  a g r i d  on the blade s u r f a c e  and 

measuring the  vloume of each r e s u l t i n g  a r i d  c e l l  y i e l d e d  a 

f o u r t h  order f i t  t o  the  blade spanwise mass d i s t r i b u t i o n  a long  

t h e  midchcrc! l i ~ s :  

a -  2 
- =  d,, + d , r  + d 2 r  a r  

3 4 + d 3 r  + d 4 r  

Thc c z e f f i c i e n t s  c i  and d i  of t h e  f i t s  a r e  t abu la t ed  i n  

Tab12 A.  ; . 

81 



8 2  

t Table A .  1 Polynomial F i t  C o e i i i c i e n t s  

Mode Shape C o e f f i c i e n t s  Mass D i s t r i b u t i o n  C o e f f i c i e n t  

co -6 .8104 * 10-1 do 4.1730 * lo1 g/cm 

c1 1.0519 * 10-1 cm-1 dl -3.1294 9 / c m 2  

c2 -5.5161 * 10-3 cm-2 dz 1.1123 * 10'1 g/cm3 

c3 9.4717 * 10-5 cm-3 d3 -2.0470 * 10-3 g/cm+ 

1.1887 * 10-5 g/cmS c4 1.3225 * 10'6 cm-4 1 d4 
1 

t f o r  r i n  [cm]. 

From t h e i r  i n t e g r a l  d e f i n i t i o n s  given i n  Chapter 2 and t h e  

f i t s  shown above, t h e  blade i n e r t i a l  p r o p e r t i e s  a r e  c a l c u l a t e d :  

no = blade modal mass = 1.43 * 10-3 kg*mZ 

m i  = blade c o n s i s t e n t  mass 

coupl ing  d i s k  p i t c h  = 2.41 * lo- '  kg*m2 

mz = blade c o n s i s t e n t  mass 

coupl ing  d i s k  t r a n s l a t i o n  = 1.01 kg*m 

Q = blade mass f o r e s h o r t e n i n g  = 3.70 * 10-3 kg*m2 

The s t i f f n e s s  parameters  of t h e  system were f i t  wi th  

var ious  degrees  of s o p h i s t i c a t i o n .  These f i t s  a r e  t a b u l a t e d  i n  

Table A.2. Column ( a )  of  t h e  t a b l e  corresponds t o  t h e  s h a f t  and 

support  s t r u c t u r e  s t i f f n e s s  f i t  t o  t h e  s imple 2 DOF model o f  

eq. ( 4 . 3 . 1 )  u s i n g  t h e  uncompensated n o n r o t a t i n g  nodal  d a t a .  The 

r e s u l t i n g  behavior  of  t h e  system n a t u r a l  f r e q u e n c i e s  a t  speed 

f o r  t h i s  " b a s e l i n e f f  f i t  areshown i n  t h e  r o t o r  frame i n  f i g .  4 .3a  

and i n  t h e  n o n r o t a t i n g  frame i n  f i g .  4 .3b .  

The s t i f f n e s s  data i n  column (b) o f  Table A . 2  corresponds  

t o  a n  improved f i t  u s i n g  some informat ion  r e s u l t i n g  from t h e  

Q = 0 frequency p r e d i c t i o n s  of t h e  6 DOF model. The s h i f t i n g  i n  t h e  



p r e d i c t e d  d i s k  f r e q u e n c i e s  t h a t  occurs when t h e  blade e f f e c t s  a r e  

inc luded  w i t h  t h e  f u l l  model is precompensated f o r  by u s i n g  t h e  

f r e q u e n c i e s  of  2 2 2  Hz and 3 3 5  HZ a s  i n p u t  t o  t h e  2 DOF model 

ins tead  o f  t h e  exper imenta l ly  observed v a l u e s  of  2 2 2  Hz and 

325  Hz. The r e s u l t i n g  t r a n s l a t i o n  / p i t c h  s t i f f n e s s  coupl ing  term 

c a l c u l a t e d  by t h e  2 DOF f i t  is decreased by 35% and t h e  2 D O F  

c h a r a c t e r i s t i c  e q u a t i o n  is a g a i n  solved t o  f i n d  t h e  corresponding 

t r a n s a l t i o n  and p i t c h  s t i f f n e s s e s .  tne blade s t i f f n e s s  remains 

uncompensated i n  t h i s  f i t .  The r e s u l t i n g  system n a t u r a l  

f r e q u e n c i e s  p r e d i c t e d  by t h e  model u s i n g  t h i s  f i t  is  shown i n  

t h e  r o t o r  frame i n  f i g .  4.4a and i n  t h e  n o n r o t a t i n g  frame i n  

f i g .  4.4b. 

A f u r t h e r  improvement i n  t h e  f i t  between t h e  

exper imenta l ly  measured frequencies  and those  p r e d i c t e d  by t h e  

model i s  p r e s e n t e d  i n  column ( c )  of Table A.2. T h i s  f i t  w a s  

ob ta ined  by: precompensating t h e  measured n o n r o t a t i n g  n a t u r a l  

f r e q u e n c i e s  as  i n  t h e  column ( b )  case ,  d e c r e a s i n g  t h e  r e s u l t i n g  

s t i f f n e s s  coupl ing by 30%, c a l c u l a t i n g  t h e  corresponding 

t r a n s l a t i o n  and p i t c h  s t i f f n e s s e s ,  and d e c r e a s i n g  t h e  b lade  

modal s t i f f n e s s  by 1 9 % .  The r e s u l t i n g  dynamic behavior  of t h e  

system i s  shown i n  t h e  r o t o r  frame i n  f i g .  4.5a and i n  t h e  

n o n r o t a t i n g  frame i n  f i g .  4.5b. 
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Table A.2 S t i f f n e s s  F i t s  f o r  t h e  MIT AE Rotor 

S t i f f n e s s  Parameter I- 
K x R 1  K y R  [ l o 7  N / m l  t 5.68 

K[R' KrlR 1.32 i 1.40 

K ~ q R ,  'Ky<R [ l o 6  N/rad] 1 5.29 3.70 1 3.44 1 
[ 1 O6  N* m/rad I 

KB [ l o 3  N o m ]  i 7.90 7.90 6.43 

L 

ii) Nondimensional Parameters  

The nondimensional i n e r t i a l  parameters  f o r  t h e  MIT AE 

Rotor as d e f i n e d  i n  s e c t i o n  2.2 a r e :  

= 0.021 TB = 0.073 ' TP 
p = 0.0048 ppg = 0.054 

The c e n t r i f u g a l  s t i f f e n i n g  of  t h e  b l ade ,  o r  Southwell  

c o e f f i c i e n t  is : 

n. = 1.93 

The nondimensional s t i f f n e s s  parameters  f o r  t h e  t h r e e  s t i f f n e s s  

f i t  c a s e s  are l i s t e d  i n  Table A.3: 

Table A.3 Nondimensional S t i f f n e s s  Parameters 

S t i f f n e s s  Parameter  a j b  C 
I 



AppeRdix B: Experimental  Natural  Frequencies  

Table B.l l i s ts  t h e  na tu ra l  f requencies  of  t he  d i s k  
t r a n s l a t i o n  dominated mode, disk p i t c h  dominated mode, and the  
b lade  one nodal  diameter  (1ND) mode f o r  both forward and 
backward w h i r l  a s  a func t ion  of r o t o r  speed. 

Table ~ . i  Experimentai  iu’aiurdi Frepueficies 

Rotor Speed T r a n s l a t i o n  P i tch  Mode Blade I N D  
r Hzl Mode [Hz] [Hzl [Hzl 

FW B w FW BW FW BW 

0 222 325 388 

5 217 2 28 320 331 390 389 

30 188 253 295 349 378 393 

60 146 2 79 3 73 386 406 

91.3 114 313 - 384 399 424 

120 84 339 - 410 442 445 

150 60 364 - 424 450 462 

- 

FW = forward w h i r l  mode, BM = backward w h i r l  mode 
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Fig. 2 .1  Coordinate system for the  whir l  equat ions  of motion 
for an N bladed shroudless  fan c a n t i l e v e r e d  on a 
f l e x i b e  s h a f t .  
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Fig.  2 .2a  

I i . 

System c e n t e r  of mass l o c a t i o n  for e q .  ( 2 .  

MASSIVE SHAFT 
2 

Fig. 2 .2b  System c e n t e r  of mass l o c a t i o n  for eq .  ( 2  

1 . 5 )  

. 1 . 7 )  
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ROTOR SPEED 

F i g .  2 . 3  Dynamic behavior of the uncoupled d i s k  t r a n s l a t i o n  
mode ( ~ l ) ,  d i sk  pitch mode ( w 2  1 ,  and blade mode 
a s  a funct ion  of rotor speed. 
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displacement transducer. 
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EXPERIMENTALLY 
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Fig. 4 . 4 a  System natura l  frequencies  i n  the rotor frame 
pred ic ted  u s i n g  s t i f f n e s s  parameters i n  Table A . 2 ( b ) .  
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F i g .  4 .5a  System natural  frequencies  i n  the  ro tor  frame 
predicted  us ing  s t i f f n e s s  parameters i n  Table A . 2 ( c ) .  
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pred ic ted  u s i n g  s t i f f n e s s  parameters i n  Table A . 2 ( c ) .  
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F i g .  5 .1  T i m e  h i s t o r y  of the shaker force transducer s igna l  ( a )  
and bearing housing acce lera t ion  response (b) f o r  the 
c a s e  o f :  forward whirl e x c i t a t i o n ,  = 449 Hz, 
n = 120 Hz. 
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F i g .  5 . 5  Simultaneous displacement t i m e  h i s t o r i e s  of a l l  b lades  
showing one nodal  diameter forward t r a v e l l i n g  wave 
pat tern .  Case of: forward whir l  e x c i t a t i o n ,  urn = 449 Hz, 
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POWER SPECTRtlL D E N S I T Y  OF BLBOE 9 DISPLACEHENT 

1R 

F i g .  5 . 6  Power s p e c t r a l  dens i ty  of blade #9 displacement.  Case 
o f :  forward whir l  e x c i t a t i o n ,  = 449 Hz, Q = 120 Hz, 
WFR = 329 Hz. 
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F i g .  5 . 7  T i m e  h is tory  of t h e  shaker force transducer s i g n a l  ( a )  
and bearing housing accelerometer (b) for  the case of: 
backward whirl exc i ta t ion ,  t ~ m  = 290 Hz, Q = 60 Hz. 
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F i g .  5 .10 Simultaneous displacement t i m e  h i s t o r i e s  of a l l  b lades  
showing a one nodal diameter backward w h i r l  t r a v e l l i n g  
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F i g .  5 . 1 3  S p e c t r a l  data reduction scheme showing d i s c r e t e  Fourier  
transformation of the temporal e x c i t a t i o n  and response 
a t  d i s c r e t e  i n t e r v a l s  of e x c i t a t i o n  frequency, 
cons truc t ion  of cascade p l o t s ,  and determination of the  
system natura l  frequencies .  The p a r t i c u l a r  case  shown is  
for forward whir l  e x c i t a t i o n .  
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Fig .  5 . 1 6  Blade displacement s p e c t r a l  cascade p l o t  f o r :  
n = 60 Hz, forward whirl  e x c i t a t i o n  of the  d i s k  
t r a n s l a t i o n  mode, e x c i t a t i o n  frequency range u F R  = 
1 3 0  t o  172 Hz. 
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F i g .  5 .17  Blade displacement s p e c t r a l  cascade p l o t  f o r :  
SI = 60 Hz, forward whir l  e x c i t a t i o n  of the blade 1ND 
mode, e x c i t a t i o n  frequency range ~ F R  = 374 t o  402 Hz. 
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Blade displacement s p e c t r a l  cascade p l o t  f o r :  
n = 90 Hz, forward whirl e x c i t a t i o n  of the d i s k  
t r a n s l a t i o n  mode, e x c i t a t i o n  frequency range uFR = 
96 t o  133 Hz. 
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F i g .  5 . 2 0  Blade response transfer  funct ion f o r :  n = 90 Hz, 
forward w h i r l  e x c i t a t i o n .  
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F i g .  5.22 Blade displacement spectral  cascade p l o t  f o r :  
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mode, e x c i t a t i o n  frequency range U F R  = 444 to 468 Hz. 
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forward whir l  e x c i t a t i o n .  



w 
2 
U 
IA 

II: 
0 c 
0 a 

a 

z 
>- 
0 z 
w 
3 
0 
w a 
LI 
-I 

a 
3 
l- 

Z 

a 

a 

ROTOR SPEED R (Hz) 

f 
j RANGE 
I SWEEP 

f 

Fig. 5.27 Forward whir l  e x c i t a t i o n  sweep ranges o v e r p l o t t e d  
on the  predicted  system natural  frequency p l o t .  



n 
N 339 

$ 336 
>. 
0 
z 
W 

I 
W 1 1  \ 

eE 

W 
11: 

I I I I I 1 
275 .  325. 375. 1125. 1175. 5 2 5 .  

RESPONSE FREQUENCY wR (Hz) 

F i g .  5 . 2 8  Blade displacement s p e c t r a l  cascade p l o t  for :  
Q = 5 Hz, backward whir l  e x c i t a t i o n  of the d i s k  
p i t c h  mode, e x c i t a t i o n  frequency range UFR = 
322 to  342 Hz. 
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F i g .  5 . 2 9  'Blade displacement spec tra l  cascade p l o t  for: 
n = 5 Hz, backward whirl e x c i t a t i o n  of t h e  blade 
1ND mode, e x c i t a t i o n  frequency range WFR = 
370 Hz to 3 9 8  Hz. 
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F i g .  5 . 3 1  Blade displacement s p e c t r a l  cascade p l o t  f o r :  
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Fig. 5 . 3 3  Blade displacement s p e c t r a l  cascade p l o t  f o r :  
n = 150 Hz, backward whir l  e x c i t a t i o n  of the d i s k  
p i t c h  mode, e x c i t a t i o n  frequency range WFR = 
355 t o  376 Hz. 
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F i g .  5 .34  Blade displacement s p e c t r a l  cascade p l o t  for: 
i7 = 150 Hz, backward whir l  e x c i t a t i o n  of the  b lade  
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system natural  frequency p l o t .  


